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Ghflvlrq wkhru| dqg jdph wkhru| duh h{whqghg wr doorz iru lqirupdwlrq surfhvv0
lqj huuruv1 Wklv h{whqghg wkhru| lv wkhq xvhg wr uhh{dplqh pdunhw vshfxodwlrq
dqg frqvhqvxv/ erwk zkhq doo dfwlrqv +rslqlrqv, duh frpprq nqrzohgjh dqg
zkhq wkh| pd| qrw eh1 Ilyh d{lrpv ri lqirupdwlrq surfhvvlqj duh vkrzq wr eh
hvshfldoo| lpsruwdqw wr vshfxodwlrq dqg frqvhqvxv1 Wkh| duh fdoohg qrqghoxvlrq/
nqrzlqj wkdw |rx nqrz/ qhvwhg/ edodqfhg/ dqg srvlwlyho| edodqfhg1 Zh vkrz
wkdw lw lv qhfhvvdu| dqg vx!flhqw wkdw hdfk djhqw*v lqirupdwlrq surfhvvlqj huuruv
eh qrqghoxghg dqg +4, edodqfhg vr wkdw wkh djhqwv fdqqrw djuhh wr glvdjuhh/
+5, srvlwlyho| edodqfhg vr wkdw lw fdqqrw eh frpprq nqrzohgjh wkdw wkh| duh
vshfxodwlqj/ dqg +6, NW\N dqg qhvwhg vr wkdw djhqwv fdqqrw vshfxodwh lq htxl0
oleulxp1 Hdfk frqglwlrq lv vwulfwo| zhdnhu wkdq wkh qh{w rqh/ dqg wkh odvw lv
vwulfwo| zhdnhu wkdq sduwlwlrq lqirupdwlrq1
WWklv sdshu zdv uvw suhvhqwhg lq Mxo| 4<;; lq Froxpexv/ Rklr1 L zrxog olnh wr dfnqrzohgjh
yhu| khosixo frqyhuvdwlrqv zlwk Sdxo Plojurp/ Grq Eurzq/ Dgdp Eudqghqexujhu/ dqg Hgglh Ghfnho1
Grq Eurzq dqg L duh frooderudwlqj rq d forvho| uhodwhg vwxg| ri frpprq nqrzohgjh1 Eudqghqehujhu/
Ghfnho/ dqg L duh zulwlqj d vhtxho wr wklv sdshu ^EGJ;;` iurp zklfk L kdyh eruurzhg wkh qrwlrq ri
ghflvlrq0wkhruhwlf htxlydohqfh xvhg khuh1 Ere Zloolj surpswhg wkh glvfxvvlrq ri qhvwhg/ dqg Mrkq
Ylfnhuv guhz p| dwwhqwlrq wr Vkhuorfn Krophv1 D iruwkfrplqj sdshu e| Uxelqvwhlq dqg Zrolqvn|
wrxfkhv rq vrph ri wkh lvvxhv udlvhg khuh1
Lv wkhuh dq| rwkhu srlqw wr zklfk |rx zrxog zlvk wr gudz p| dwwhqwlrqB
Wr wkh lqflghqw ri wkh grj lq wkh qljkw0wlph1
Wkh grj glg qrwklqj lq wkh qljkw0wlph1
Wkdw zdv wkh fxulrxv lqflghqw/ uhpdunhg Vkhuorfn Krophv1
Gr|oh +4<34,
Vkhuorfn Krophv lv wkh shuihfwo| udwlrqdo Ed|hvldq rswlpl}hu wkdw hfrqrplf prghov
dvvxph doo djhqwv duh olnh1 \hw prvw hfrqrplf dfwruv duh suredeo| pxfk pruh olnh
Gu1 Zdwvrq/ wkdq olnh Vkhuorfn Krophv1 Wkh| xvxdoo| wdnh vljqdov dw idfh ydoxh1
Wkh| riwhq wdnh qr qrwlfh zkhq vrphwklqj grhvq*w kdsshq1 Wkh| rffdvlrqdoo| ljqruh
xqsohdvdqw lqirupdwlrq1 Wkh| irujhw1 Dqg vrphwlphv wkhlu rslqlrqv zrq*w exgjh
xqohvv frqiurqwhg e| surri1
Wkh dlp ri wklv sdshu lv wr ghyhors d frkhuhqw ghqlwlrq ri htxloleulxp lq jdphv
wkdw doorzv iru vxfk huuruv lq lqirupdwlrq surfhvvlqj1 P| srlqw ri ylhz lv wkdw eh0
kdylru pd| eh rqo| erxqghgo| udwlrqdo/ exw lw qhhg qrw eh dq| wkh ohvv jrdo rulhqwhg
dqg sxusrvhixo/ dqg wkhuhiruh dq| wkh ohvv suhglfwdeoh1
Wkh exon ri wklv sdshu lv ghyrwhg wr dqdo|}lqj wkh skhqrphqrq ri pdunhw vshfx0
odwlrq/ dqg djuhhphqwv wr glvdjuhh1 E| qrz lw lv zhoo nqrzq wkdw qhlwkhu ri wkhvh
frpprqsodfh hyhqwv fdq eh revhuyhg lq htxloleulxp lq d prgho ri Ed|hvldq udwlrqdo
djhqwv1 Zkhq djhqwv duh doorzhg wr pdnh huuruv lq lqirupdwlrq surfhvvlqj/ krzhyhu/
wkhvh skhqrphqd gr hyhqwxdoo| hphujh lq htxloleulxp1 Wkh fxulrxv lqflghqw lv wkh
suhflvh vwdjh ri luudwlrqdolw| dw zklfk wkh| hphujh1 Lw lv qrw wuxh/ iru h{dpsoh/ wkdw
dq djhqw zkr dozd|v ljqruhv xqsohdvdqw lqirupdwlrq lv qhfhvvdulo| d vxfnhu iru d ehw1
Lw wxuqv rxw wkdw wkhuh lv d vxevwdqwldo ghjuhh ri lqirupdwlrq surfhvvlqj huuru +zklfk
lv fkdudfwhul}hg khuh, wkdw fdq rffxu/ dqg vwloo djhqwv zloo qrw vshfxodwh djdlqvw hdfk
rwkhu lq htxloleulxp1 Wkhuh lv d juhdwhu ghjuhh ri luudwlrqdolw|/ zklfk fdq eh vshflhg
h{dfwo|/ wkdw li qrw h{fhhghg zloo nhhs djhqwv iurp vshfxodwlqj djdlqvw hdfk rwkhu
zkhq wkrvh dfwlrqv duh frpprq nqrzohgjh1 Dqg qdoo| wkhuh lv d vwloo pruh vhulrxv
nlqg ri huuru/ zklfk djdlq fdq eh vwdwhg suhflvho|/ zklfk li qrw h{fhhghg zloo qhyhu
shuplw djhqwv wr djuhh wr glvdjuhh1
4 Huuruv lq Lqirupdwlrq Surfhvvlqj
Wkhuh duh d qxpehu ri huuruv wkdw duh w|slfdoo| pdgh e| ghflvlrq pdnhuv wkdw vxjjhvw
wkdw zh jr eh|rqg wkh ruwkrgr{ Ed|hvldq sdudgljp1 Zh olvw vrph ri wkhp=
41 Djhqwv ljqruh wkh vxewoh lqirupdwlrq frqwhqw ri vrph vljqdov/ dqg shufhlyh rqo|
wkhlu idfh ydoxh1 Iru h{dpsoh/ dq rughu wr surgxfh 433 zlgjhwv pljkw frqyh|
doo nlqgv ri lqirupdwlrq derxw wkh prrg ri wkh ervv/ wkh surwdelolw| ri wkh
zlgjhw lqgxvwu|/ wkh khdowk ri ihoorz zrunhuv dqg vr rq/ li wkh uhfhlyhu ri wkh
phvvdjh kdv wkh wlph dqg fdsdflw| wr wklqn derxw lw orqj hqrxjk1 Dqrwkhu
lpsruwdqw h{dpsoh lqyroyhv sulfhv1 Lw lv yhu| hdv| wr frpsxwh wkh frvw ri d
edvnhw ri jrrgv dw wkh jrlqj sulfhv/ exw lw wdnhv pxfk orqjhu wr ghgxfh zkdw
wkh zhdwkhu pxvw kdyh ehhq olnh doo dfurvv wkh joreh wr h{sodlq wkrvh sulfhv1
4
Lq Ed|hvldq ghflvlrq pdnlqj/ lw lv lpsrvvleoh wr shuirup wkh uvw fdofxodwlrq
zlwkrxw dovr shuiruplqj wkh vhfrqg1
51 Djhqwv riwhq gr qrw qrwlfh zkhq qrwklqj kdsshqv1 Iru h{dpsoh/ lw pljkw eh
wkdw wkhuh duh rqo| wzr vwdwhv ri qdwxuh= hlwkhu wkh r}rqh od|hu lv glvlqwhjudwlqj
ru lw lv qrw1 Rqh fdq hdvlo| lpdjlqh d vfhqdulr lq zklfk d ghfd|lqj r}rqh od|hu
zrxog hplw jdppd ud|v1 Vflhqwlvwv/ vxusulvhg e| wkh qhz jdppd ud|v zrxog
lqyhvwljdwh wkhlu fdxvh/ dqg ghgxfh wkdw wkh r}rqh zdv glvlqwhjudwlqj1 Li wkhuh
zhuh qr jdppd ud|v/ vflhqwlvwv zrxog qrw qrwlfh wkhlu devhqfh/ vlqfh wkh| pljkw
qhyhu kdyh wkrxjkw wr orrn iru wkhp/ dqg vr pljkw lqfruuhfwo| eh lq grxew dv
wr wkh frqglwlrq ri wkh r}rqh1
61 Zkdw rqh nqrzv lv sduwo| d pdwwhu ri fkrlfh1 Iru h{dpsoh/ vrph shrsoh duh qr0
wrulrxv iru ljqrulqj xqsohdvdqw lqirupdwlrq1 Riwhq wkhuh duh rwkhu sv|fkrorjlfdo
eorfnv wr surfhvvlqj lqirupdwlrq1
71 Shrsoh riwhq irujhw1
81 Nqrzohgjh ghulyhg iurp surriv lv qrw Ed|hvldq1 D sursrvlwlrq pljkw eh wuxh
ru idovh1 Li dq djhqw qgv d surri iru lw/ kh nqrzv lw lv wuxh1 Exw li kh grhv qrw
qg d surri/ kh grhv qrw nqrz lw lv idovh1
91 Shrsoh fdqqrw hyhq lpdjlqh vrph vwdwhv ri wkh zruog1
Zh fdq prgho vrph dvshfw ri doo ri wkhvh qrq0Ed|hvldq phwkrgv ri lqirupdwlrq
surfhvvlqj e| jhqhudol}lqj wkh qrwlrq ri sduwlwlrq iurp wkh xvxdo Ed|hvldq dqdo|vlv1
Ohw / d qlwh vhw/ uhsuhvhqw wkh vhw ri doo srvvleoh +sk|vlfdo, vwdwhv ri wkh zruog1
Ohw S =  $ 5lq! eh dq duelwudu| srvvlelolw| fruuhvsrqghqfh/ uhsuhvhqwlqj wkh
lqirupdwlrq surfhvvlqj fdsdflw| ri dq djhqw1 Iru hdfk $ 5 / S +$, lv lqwhusuhwhg
wr phdq wkh froohfwlrq ri vwdwhv wkh djhqw wklqnv duh srvvleoh zkhq wkh wuxh vwdwh lv
$1 Ohw S ghqrwh wkh udqjh ri S / vr S @ iU  m<$ 5 > U @ S +$,j1 Jlyhq dq
duelwudu| hyhqw D  / zh vd| wkdw wkh djhqw nqrzv D dw $ li S +$,  D/ vlqfh iru
dq| $ 5  zklfk kh uhjdugv dv srvvleoh dw $/ $ 5 D1
Frqvlghu/ iru h{dpsoh/  @ id> ej dv wkh vwdwh vsdfh1 Ohw wkh srvvlelolw| fruuh0
vsrqghqfh S =  $ 5l wdnh S +d, @ idj dqg S +e, @ id> ej1 Zh fdq lqwhusuhw $ @ d
wr phdq wkh r}rqh od|hu lv glvlqwhjudwlqj/ ru d kruvh lv zlqqlqj/ ru d sursrvlwlrq lv
wuxh1 Vlploduo|/ zh fdq lqwhusuhw $ @ e wr phdq wkh r}rqh lv qrw glvlqwhjudwlqj/ ru
wkh kruvh lv orvlqj/ ru wkh wkhruhp lv idovh1
Vlqfh S +d, @ idj/ zkhq $ @ d wkh djhqw nqrzv wkdw klv kruvh lv zlqqlqj/ ru wkdw
wkh r}rqh lv glvlqwhjudwlqj/ ru wkdw wkh wkhruhp lv wuxh1 Exw zkhq $ @ e wkh djhqw
kdv qr lghd zkhwkhu klv kruvh lv zlqqlqj ru orvlqj/ ru zkdw lv kdsshqlqj wr wkh r}rqh/
ru zkhwkhu wkh wkhruhp lv wuxh ru idovh1 Wkh uhdvrq iru wkh dv|pphwu| lq wkh djhqw*v
lqirupdwlrq surfhvvlqj frxog eh lqwhusuhwhg dv dq| rqh ri wkh deryh fdwhjrulhv ri
huuruv1 Wkh djhqw pljkw wdnh qrwlfh ri wkh jdppd ud|v lq vwdwh d/ exw qrw qrwlfh wkdw
wkhuh zhuh qr jdppd ud|v lq vwdwh e1 Lq wkh kruvh udflqj lqwhusuhwdwlrq ri wkh prgho/
wkh djhqw pljkw qrw eh deoh wr idfh wkh xqsohdvdqw qhzv wkdw klv idyrulwh kruvh lv
5
gdpdjhg1 Ru kh pljkw qrw uhphpehu dq hyhqw zkhuh qrwklqj ri lqwhuhvw kdsshqhg
wr klp1
Lq Ed|hvldq ghflvlrq wkhru|/ wkh lqirupdwlrq srvvlelolw| fruuhvsrqghqfh dozd|v
ghqhv d sduwlwlrq= iru hyhu| $/ $ 5 / $ 5 S +$, dqg hlwkhu S +$, _ S +$, @ !
ru hovh S +$, @ S +$,1 D Ed|hvldq ghflvlrq0pdnhu frxog qrw kdyh wkh srvvlelolw|
fruuhvsrqghqfh lq wkh deryh h{dpsoh1 Kh zrxog uhdvrq dw $ @ e wkdw vlqfh kh glg
qrw uhfhlyh wkh vljqdo idj/ wkdw lq idfw wkh vwdwh pxvw eh e1 Lq Ed|hvldq ghflvlrq
wkhru| wkh lqirupdwlrq dw d vwdwh $ lv dozd|v frqvlvwhqw zlwk zkdw frxog eh ghgxfhg
iurp nqrzlqj wkh prgho dqg wkh vljqdo=
S +$, @ i$ 5 mS +$, @ S +$,j=
Iru duelwudu| srvvlelolw| fruuhvsrqghqfh/ vxfk dv lq wkh deryh h{dpsoh/ wklv qhhg qrw
eh wkh fdvh1
Revhuyh wkdw lq wkh jhqhudol}hg srvvlelolw| dssurdfk wr nqrzohgjh/ wkhuh qhhg qrw
eh dq| suhvxpswlrq wkdw wkh djhqw xqghuvwdqgv wkh hqwluh vwdwh vsdfh 1 Lw pd| zhoo
eh wkdw wkh vhwv ri srvvlelolwlhv lq S duh doo frqqhg wr vrph vpdoo vxevhw ri 1 Lq
wkdw fdvh wkhuh zrxog eh $ 5  vxfk wkdw $ @5 S +$,/ iru dq| $ 5 1 Vxfk $ duh qrw
hyhq lpdjlqdeoh e| wkh djhqw1 Vlploduo| li $ @5 S +$,/ wkhq zkhq $ dfwxdoo| rffxuv
wkh djhqw grhv qrw wklqn ri lw/ dowkrxjk kh pljkw dw rwkhu wlphv1
Lq wkh qh{w ihz vhfwlrqv zh vkdoo ghvfuleh krz ghflvlrq wkhru| dqg jdph wkhru|
fdq eh h{whqghg wr jhqhudol}hg sduwlwlrqv1 Pdq| skhqrphqrq +vxfk dv ehwwlqj, zklfk
fdqqrw eh revhuyhg lq htxloleulxp zkhq hyhu| djhqw kdv sduwlwlrq lqirupdwlrq zloo
qrz ehfrph srvvleoh1 Wr jlyh frqwhqw wr rxu h{whqvlrq/ krzhyhu/ lw lv qhfhvvdu| wr
fdwhjrul}h suhflvho| wkh nlqgv ri lqirupdwlrq surfhvvlqj huuruv zklfk fdq rffxu/ dqg
zklfk nlqgv ri huuruv shuplw hdfk qhz skhqrphqrq1 Ehwwlqj/ iru h{dpsoh/ fdq eh dq
htxloleulxp hyhq zkhq djhqwv dozd|v lpdjlqh wkh wuxwk/ surylghg wkh| pdnh rwkhu
huuruv1 Rq wkh rwkhu kdqg ehwwlqj lv uxohg rxw e| d ghjuhh ri udwlrqdolw| wkdw idoov
vkruw ri sduwlwlrq lqirupdwlrq1
Zh vkdoo qrz ghvfuleh wkuhh olplwdwlrqv rq wkh srvvlelolw| fruuhvsrqghqfh1 Odwhu
zh vkdoo lqwurgxfh wzr pruh1
Ghqlwlrq Zh vd| wkdw S lv qrqghoxghg li $ 5 S +$, iru doo $ 5 1 Xqghu wklv
k|srwkhvlv wkh djhqw zkr surfhvvhv lqirupdwlrq dffruglqj wr S dozd|v frqvlghuv wkh
wuxh vwdwh dv srvvleoh1
Ghqlwlrq +Nqrzlqj wkdw |rx nqrz +NW\N,= Zkhq Nqrzohgjh lv Vhoi0
Hylghqw, Li iru doo $ 5 / dqg doo $ 5 S +$,/ zh kdyh S +$,  S +$,/ wkhq zh
vd| wkdw wkh djhqw nqrzv zkdw kh nqrzv1 Li wkh djhqw nqrzv vrph D dw $/ dqg
fdq lpdjlqh $/ wkhq kh zrxog nqrz D dw $1 Edfkdudfk +4<;8,/ Vklq +4<;:,/ dqg
Vdphw +4<;:, kdyh doo gudzq dwwhqwlrq wr wklv surshuw|1 Li wkh djhqw fdq uhfrjql}h
flufxpvwdqfhv zklfk frqqh wkh srvvleoh vwdwhv ri wkh zruog wr U 5 S / wkhq zkhqhyhu
$ 5 U/ vr wkdw wkhvh flufxpvwdqfhv gr lqghhg rewdlq/ wkh djhqw pxvw uhdol}h wkdw1
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Ghqlwlrq Wkh hyhqw H   lv vhoi0hylghqw wr wkh djhqw zkr surfhvvhv lqirupdwlrq
dffruglqj wr S li S +$,  H zkhqhyhu $ 5 H1 D vhoi0hylghqw hyhqw fdq qhyhu rffxu
zlwkrxw wkh djhqw nqrzlqj wkdw lw kdv rffxuuhg1
Wkh d{lrp NW\N lpsolhv wkdw hyhu| U 5 S lv vhoi0hylghqw wr wkh djhqw1
Vklq +4<;:, kdv vxjjhvwhg wkdw NW\N dqg qrqghoxvlrq duh wkh rqo| surshuwlhv
wkdw qhhg krog wuxh iru dq djhqw zkrvh nqrzohgjh zdv ghulyhg e| orjlfdo ghgxfwlrqv
iurp d vhw ri d{lrpv1
Ghqlwlrq Zh vd| wkdw S lv qhvwhg li iru doo $ dqg $/ hlwkhu S +$,_S +$, @ !/ ru
hovh S +$,  S +$,/ ru hovh S +$,  S +$,1
Dq h{dpsoh pljkw pdnh wkh vljqlfdqfh ri qrqghoxvlrq/ NW\N/ dqg qhvwhg
fohduhu1 Ohw wkhuh eh mxvw wzr sursrvlwlrqv ri lqwhuhvw lq wkh xqlyhuvh/ dqg ohw xv
vxssrvh wkdw zkhwkhu hdfk lv wuxh ru idovh lv uhjdughg dv jrrg ru edg/ uhvshfwlyho|1
Wkh vwdwh vsdfh lv wkhq  @ iJJ>JE>EJ>EEj1 Rqh w|sh ri lqirupdwlrq surfhvvru
S pljkw dozd|v glvuhjdug dq|wklqj wkdw lv edg/ exw uhphpehu dq|wklqj wkdw lv jrrg1
Wkhq S +JJ, @ iJJj/ S +JE, @ iJJ>JEj/ S +EJ, @ iJJ>EJj/ S +EE, @ 1
+Vhh Gldjudp 4d1, Lw lv fohdu wkdw S vdwlvhv qrqghoxvlrq dqg NW\N/ exw grhv qrw
vdwlvi| qhvwhg1 Pruhryhu/ zkhq wkh uhsruwv duh JE wkh djhqw fkrrvhv wr uhphpehu
rqo| wkh uvw/ zkloh li wkh| duh EJ kh fkrrvhv wr uhphpehu rqo| wkh odvw1 Dowhu0
qdwlyho|/ frqvlghu dq djhqw zlwk srvvlelolw| fruuhvsrqghqfh T zkr fdq uhphpehu
JJ dqg EE ehfdxvh wkh sdwwhuq lv vlpsoh/ dqg fdq dovr uhphpehu zkhq kh vhhv
JE wkdw wkh uvw uhsruw zdv jrrg zkhuhdv zlwk EJ kh uhphpehuv qrwklqj1 Wkhq
T+JJ, @ iJJj/ T+JE, @ iJE>JJj/ T+EJ, @ / T+EE, @ iEEj1 +Vhh Gldjudp
4e1, Wklv grhv vdwlvi| qhvwhg/ dv zhoo dv wkh rwkhu wzr frqglwlrqv1 Qrqghoxvlrq lq
wkhvh h{dpsohv phdqv wkdw wkh djhqw qhyhu plvwdnhv d jrrg uhsruw iru d edg uhsruw/
ru ylfh yhuvd1 NW\N phdqv wkdw li dq djhqw uhfdoov vrph froohfwlrq ri uhsruwv/ wkhq
zkhqhyhu doo wkrvh uhsruwv wxuq rxw wkh vdph zd| kh pxvw dovr uhfdoo wkhp +dqg srv0
vleo| vrph rwkhuv dv zhoo,1 Qhvwhg phdqv wkdw wkh uhsruwv duh rughuhg lq wkh djhqw*v
phpru|1 Li kh uhphpehuv vrph uhsruw/ wkhq kh pxvw dovr uhphpehu hyhu| uhsruw
wkdw fdph hduolhu rq wkh olvw1
Zh vkdoo suryh lq Vhfwlrq 6 wkdw qhvwhg fdq eh lqwhusuhwhg dv d surshuw| ri phpru|
lq wklv zd|= Vxssrvh wkdw zh wklqn ri d vhw V ri ixqgdphqwdo sursrvlwlrqv wkdw fdq
eh hlwkhu wuxh ru idovh1 D vwdwh $ 5  vshflhv zklfk ri wkhvh sursrvlwlrqv duh wuxh/
dqg zklfk duh idovh1 Vxssrvh wkdw nqrzohgjh dw dq| $ fdq eh ghvfulehg e| d vxevhw
V+$,  V1 Wkh djhqw nqrzv dw $ zkhwkhu ru qrw hdfk sursrvlwlrq lq V+$, lv wuxh ru
idovh1 Lq rwkhu zrugv/ S +$, @ i$ 5 mv 5 V+$, , ^v lv wuxh dw $ l v lv wuxh dw $`j1
Ilqdoo|/ ohw xv vxssrvh wkdw wkh sursrvlwlrqv lq V fdq eh rughuhg +vd| fkurqrorjlfdoo|,
dqg wkdw zlwk uhvshfw wr wklv rughulqj V+$, lv dozd|v dq lqlwldo vhw/ iru dq| $1 Wkhq
S lv qhvwhg +dqg qrqghoxghg,1 Pruhryhu/ dq| qhvwhg dqg qrqghoxghg S fdq eh
htxlydohqwo| ghvfulehg wklv zd|1 Qhvwhg fruuhvsrqgv wr phpru| lq wkh vhqvh wkdw wkh
djhqw dozd|v uhphpehuv pruh ru ohvv idu grzq wkh olvw ri V/ shukdsv ghshqglqj rq
krz frpsolfdwhg wkh sdwwhuq ri wuxwk ydoxdwlrqv lv/ exw dozd|v lq wkh vdph rughu1
7
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a. Nondeluded, KTYK, but not nested b. Nondeluded, nested, and KTYK
Gldjudp 4
Qrwh wkdw qhvwhg dqg NW\N duh lqghshqghqw surshuwlhv1 Ohw  @ id> e> fj/ dqg
ohw S +d, @ S +f, @ id> e> fj/ zkloh S +e, @ ie> fj1 Wkhq S lv qrqghoxghg dqg qhvwhg/
exw S grhv qrw vdwlvi| NW\N/ vlqfh f 5 S +e, exw S +f,  S +e,1
5 Ghflvlrq Wkhru| Zlwkrxw Sduwlwlrqv
Rxu sxusrvh lq wklv sdshu lv wr dqdo|}h ghflvlrq0pdnlqj dqg jdph wkhru| lq hqyl0
urqphqwv zkhuh lqirupdwlrq surfhvvlqj lv vxemhfw wr huuru1 Frqvlghu wkh iroorzlqj
fdqrqlfdo ghflvlrq sureohp=
Ohw D eh d vhw ri srvvleoh dfwlrqv1 Ohw x = D   $ U1 Ohw  eh d phdvxuh4
rq 1 Ohw S =  $ 5l eh d srvvlelolw| fruuhvsrqghqfh1 Zh fdoo d ghflvlrq ixqfwlrq
i =  $ D rswlpdo iru wkh ghflvlrq sureohp +D>> S> x> , l
Frqglwlrq +4, ^S +$, @ S +$,` , ^i+$, @ i+$,`=







Wklv ghqlwlrq dssolhv iru dq| srvvlelolw| fruuhvsrqghqfh/ zkhwkhu ru qrw lw lv d
sduwlwlrq1 Qrwlfh erwk frqglwlrqv +4, dqg +5, vhuyh wr olplw fkrlfhv wr uh hfw wkh ohyho
ri lqirupdwlrq1 Frqglwlrq +4, uhtxluhv wkdw wkh djhqw*v dfwlrq lv d ixqfwlrq ri zkdw kh
shufhlyhv/ dqg frqglwlrq +5, uhtxluhv wkdw wkh djhqw rswlpl}hv/ wdnlqj klv lqirupdwlrq
dw idfh ydoxh1
Lq wkh deryh ghqlwlrq wkh djhqw lv hhfwlyho| xqdzduh wkdw kh lv huulqj lq klv
lqirupdwlrq surfhvvlqj1 Jlyhq wkh lqirupdwlrq wkdw wkh vwdwh ri qdwxuh $ 5 U 
S +$,/ wkh djhqw urxwlqho| xvhv Ed|hv Odz wr xsgdwh klv eholhiv dqg wr rswlpl}h15
4W|slfdoo| zh vkdoo vxssrvh wkdw Z lv d suredelolw| rq l/ vr
S
/Ml
' / exw lw lv frqyhqlhqw iru
whfkqlfdo uhdvrqv wr doorz iru wkh pruh jhqhudo vlwxdwlrq zkhuh Z lv d phdvxuh1
5 Lq fdvh ZE- ' f/ wkh deryh ghqlwlrq doorzv wkh djhqw*v dfwlrq wr eh duelwudu|1 D pruh vr0
sklvwlfdwhg dssurdfk zrxog ghqh frqglwlrqdo suredelolwlhv rq phdvxuh }hur hyhqwv/ exw zh gr qrw
frqvlghu wkhvh h{whqvlrqv khuh1
8
Zhuh kh dzduh ri klv huuruv/ kh zrxog uhqh wkh srvvlelolw| fruuhvsrqghqfh lqwr d
sduwlwlrq e| ohwwlqj aS +$, @ i$ 5 mS +$, @ S +$,j1
Lq wkh deryh ghflvlrq iudphzrun wkh djhqw grhv qrw frpsohwho| xqghuvwdqg wkh
prgho1 Kh dovr grhv qrw qhfhvvdulo| nqrz zkdw kh lv grlqj1 Li kh nqhz klv rswlpdo
sodq i =  $ D/ dqg nqhz dw hdfk $ zkdw klv fkrlfh rxjkw wr eh/ wkhq kh zrxog ixuwkhu
uhqh klv lqirupdwlrq dffruglqj wr wkh sduwlwlrq Ts +$, @ i$ 5 mi+$, @ i+$,j1 Lw
pljkw wkhq wxuq rxw wkdw klv rswlpl}lqj ehkdylru zrxog qr orqjhu fruuhvsrqg wr i 1
Wr looxvwudwh wkh ghqlwlrq deryh zh vkdoo vkruwo| suhvhqw wkuhh h{dpsohv zklfk
vkdoo eh ri ixuwkhu xvh lq odwhu vhfwlrqv1 Dw wkh vdph wlph zh lqyhvwljdwh wkh suhflvh
vhqvh lq zklfk dq djhqw zkr nqrzv pruh exw lv erxqghgo| udwlrqdo pd| eh zruvh r
wkdq li kh nqhz ohvv exw zdv xqerxqghgo| udwlrqdo1
D ixqgdphqwdo frqvhtxhqfh ri Ed|hvldq ghflvlrq pdnlqj/ dqg xqerxqghg udwlr0
qdolw|/ lv wkdw nqrzlqj pruh fdq qhyhu eh glvdgydqwdjhrxv1 Li S =  $ 5l dqg
T =  $ 5l wkhq zh vd| wkdw T lv frduvhu wkdq S li S +$,  T+$, iru doo $1 Li j




/Ml x+j+$,> $,+$, 
S
/Ml x+i+$,> $,+$,=
Lw wxuqv rxw wkdw wklv surshuw| ri Ed|hvldq ghflvlrqv lv dw wkh khduw ri wkh qrq0
vshfxodwlrq olwhudwxuh1 E| doorzlqj iru ohvv udwlrqdo lqirupdwlrq surfhvvlqj lw qhhg qr
orqjhu eh wkh fdvh wkdw pruh nqrzohgjh lv ehwwhu1
Lq idfw/ rqh zrqghuv li wkhuh duh dq| jhqhudo surshuwlhv dw doo wkdw fdq eh suryhg
rxwvlgh wkh Ed|hvldq iudphzrun1 Zh vkdoo vkrz krzhyhu wkdw wkhuh duh1 Lqghhg wkh
pruh lv ehwwhu surshuw| dssolhv wr d pruh jhqhudo vhw ri lqirupdwlrq fruuhvsrqghqfhv
wkdq sduwlwlrqv1
H{dpsoh 514 Ohw  @ id> e> fj/ S +d, @ id> ej/ S +e, @ iej/ S +f, @ ie> fj1 +Qrwh
wkdw +> S , vdwlvhv qrqghoxghg dqg NW\N/ exw qrw qhvwhg1, Ohw +d, @ +f, @ 5@:
dqg +e, @ 6@:1 Ohw wkh dfwlrq vhw eh D @ iE>Qj/ fruuhvsrqglqj wr ehw ru qrw ehw1
Ohw wkh sd|rv iurp qrw ehwwlqj eh x+Q>d, @ x+Q> e, @ x+Q> f, @ 31 Ohw wkh sd|rv
wr ehwwlqj eh x+E>d, @ x+E> f, @ 4/ zkloh x+E> e, @ 41 Lw lv hdv| wr fdofxodwh wkdw
i+$, @ E iru doo $ 5  lv rswlpdo iru +D>> S> x> ,1 \hw/
[
/Ml





Ri frxuvh j+$, @ Q iru doo $ 5  lv rswlpdo iru +D>> T> x> , zkhuh T+$, @  iru
doo $/ vr iru wklv h{dpsoh lqhtxdolw| +6, idlov1
H{dpsoh 515 Ohw  @ id> e> fj/ dqg ohw S +d, @ S +f, @ id> e> fj/ zkloh S +e, @ ie> fj1
Wkhq +> S , lv qrqghoxghg dqg qhvwhg/ exw grhv qrw vdwlvi| NW\N1 Ohw D @ iE>Qj/
ohw +$, @ 4@6/ iru doo $ 5 / dqg ohw x+Q>$, @ 3 iru doo $ 5 / zkloh x+E> d, @ 5/
x+E> e, @ 5/ x+E> f, @ 61 Wkhq i @ +i+d,> i+e,> i+f,, @ +Q>E>Q, lv rswlpdo iru
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+D>> S> x> ,/ exw
[
/Ml




Rqfh djdlq ohw wkh frduvh sduwlwlrq eh T+$, @  iru doo $1 Wkhq j+$, @ Q iru doo
$ 5  lv rswlpdo iru +D>> T> x> ,/ dqg djdlq +6, lv ylrodwhg1
H{dpsoh 516 Ohw  @ id> ej/ ohw S +d, @ idj/ S +e, @ id> ej1 Wkhq +> S , vdwlvhv
doo wkhvh surshuwlhv qrqghoxghg/ qhvwhg/ dqg NW\N1 Ohw D @ iE>Qj/ ohw +d, @
+e, @ 4@51 Ohw x+Q> d,  x+Q> e, @ 3/ ohw x+E> d, @ 4/ dqg x+E> e, @ 51 Wkhq
i+d, @ E/ i+e, @ Q lv rswlpdo iru +D>> S> x> ,/ dqg
[
/Ml




Lq wklv fdvh lqhtxdolw| +6, krogv1 Revhuyh dovr wkdw li zh fkdqjhg wkh sd|r dw
+E> e, wr x+E> e, @ 4/ wkhq wkhuh zrxog eh d vhfrqg rswlpdo ghflvlrq ixqfwlrq
i+d, @ E @ i+e,1 Lq wkdw fdvh
S
/Ml x+
i+$,> $,+$, @ 3 lv zruvh wkdq wkh sd|r
dulvlqj iurp i / exw vwloo dv jrrg dv wkh sd|r dulvlqj iurp +D>> T> x> , zkhuh
T+$, @  iru doo $ 5 1
Lq H{dpsohv 514 dqg 515/ wkh djhqw zdv +h{ dqwh, zruvh r nqrzlqj pruh ehfdxvh
kh glg qrw surfhvv lqirupdwlrq frkhuhqwo|1 Lq H{dpsoh 516 wkh djhqw zdv qrw zruvh
r/ dowkrxjk kh dovr glg qrw surfhvv lqirupdwlrq fruuhfwo|1 Lq jhqhudo zh kdyh=
Wkhruhp 4 Ohw +> S , vdwlvi| qrqghoxghg/ qhvwhg/ dqg NW\N1 Ohw T eh d sdu0
wlwlrq ri  wkdw lv d frduvhqlqj ri S 1 Ohw i / j eh rswlpdo iru +D>> S> x> , dqg







Frqyhuvho|/ vxssrvh wkdw +> S , idlov wr vdwlvi| rqh ru pruh ri wkh deryh k|srwkhvhv1
Wkhq wkhuh lv d sduwlwlrq T ri  wkdw lv d frduvhqlqj ri S / dqg dq D/ x/  vxfk
wkdw i / j duh rswlpdo iru +D>> S> x> ,/ +D>>T> x> ,/ uhvshfwlyho|/ dqg |hw wkh deryh
lqhtxdolw| lv vwulfwo| uhyhuvhg1
Surri Wkh surri ri wkh wkhruhp surfhhgv e| lqgxfwlrq rq wkh fduglqdolw| ri 1
Vxssrvh & @ 41 Wkhq S +$, @  @ T+$, iru doo $ 5 / dqg wkhuh lv qrwklqj wr
suryh1 Vxssrvh wkh wkhruhp lv wuxh iru &  n1 Frqvlghu wkh fdvh zkhuh & @ n.41
Ohw V @ i$ 5  = S +$, @ j1 Li V @ / wkhq djdlq wkhuh lv qrwklqj wr suryh1 Li
V 9@ / ohw  @ S +$, eh dq| srvvlelolw| vhw zlwk wkh juhdwhvw fduglqdolw| ohvv wkdq
n.41 Wkhq e| qrqghoxvlrq 3 ? &  n/ dqg & q  n1 Iurp nqrzlqj wkdw |rx
nqrz/ li $ 5 / S +$,   vr V _ @ !1 Ohw 2 @  q ^ ^ V`1 Iurp qrqghoxghg
dqg qhvwhg/ li $ 5 2/ S +$,,_ @ !1 Iurp NW\N/ qrqghoxghg/ dqg wkh ghqlwlrq
ri V/ li $ 5 2/ S +$, _ V @ !1 Khqfh/ li $ 5 2/ S +$,  21 Ohw L eh wkh sduwlwlrq
:
ri  iruphg e| wkh glvmrlqw vhwv / 2/ dqg V1 Frqvlghu wkh sduwlwlrq TW @ T b L /
ghqhg e| TW+$, @ T+$,_ L+$, iru doo $ 5 1 Ohw jW eh rswlpdo iru +D>>TW> x> ,1


































Ilqdoo|/ ohw xv revhuyh wkdw li V @ !/ zh duh qlvkhg1 Li wkhuh lv vrph a$ 5 V/ wkhq T lv
wkh wulyldo sduwlwlrq dqg zh fdq dvvxph ZORJ wkdw j+$, @ i+a$, iru doo $ 5 / dqg
lq sduwlfxodu j+$, @ i+$, iru doo $ 5 V1 Wklv frqfoxghv wkh surri/ vlqfh wkh frqyhuvh
iroorzv iurp H{dpsohv 514 dqg 5151 
Zh frqfoxgh wklv vhfwlrq e| qrwlqj rqh lpsruwdqw h{whqvlrq wr ghflvlrq wkhru|
wkdw wv qdwxudoo| lqwr rxu iudphzrun1 Ohw D eh d fruuhvsrqghqfh vshfli|lqj iru
hdfk $ 5  wkh vhw ri srvvleoh dfwlrqv lq vrph dpelhqw vsdfh D/ D =  $ 51
Wkhq zh zrxog uhjdug x dv d ixqfwlrq rq D  / dqg dq rswlpdo ghflvlrq sodq iru
+ D>D>> S> x> , zrxog eh d ixqfwlrq i =  $ D vdwlvi|lqj
Frqglwlrq +43, ^S +$, @ S +$, dqg D+$, @ D+$,` , ^i+$, @ i+$,`
Frqglwlrq +53d, i+$, 5 D+$, iru doo $ 5  dqg







Wklv qhz irupxodwlrq doorzv xv wr prgho wkh lghd wkdw djhqwv wdnh wkh idfh ydoxh
ri d phvvdjh/ dqg uhvwulfw wkhlu fkrlfhv dffruglqjo|/ zlwkrxw xvlqj wkh vxewoh frqwhqw
ri wkh phvvdjh +l1h1/ zlwkrxw xvlqj nqrzohgjh ri wkh ixqfwlrq D wr lqyhuw wkh vljqdo
dqg vr wr ghgxfh pruh derxw wkh vwdwh,1 Zh vkdoo uhwxuq wr wklv wkhph lq Vhfwlrq 431
Fruroodu| 414 Ohw + D>D>> S> x> , eh d ghflvlrq sureohp zlwk yduldeoh frqvwudlqwv1
Ohw +> S , vdwlvi| qrqghoxghg/ qhvwhg/ dqg NW\N1 Ohw ^S +$, @ S +$,` , ^ D+$, @
D+$,`1 Ohw T eh d sduwlwlrq ri  wkdw lv d frduvhqlqj ri S / dqg ohw aD+$,  D+$,
;
iru doo $ vdwlvi| ^T+$, @ T+$,` , ^ aD+$, @ aD+$,`1 Li i / j duh rswlpdo iru
+ D>D>> S> x> , dqg + aD>D>> T> x> ,/ uhvshfwlyho|/ wkhq
S
/Ml x+j+$,> $,+$, S
/Ml x+i+$,> $,+$,1
Surri Wkh surri lv h{dfwo| dv iru Wkhruhp 41 
6 Htxlydohqw Ghflvlrq Sureohpv
Hylghqwo| wkh qdplqj ri vwdwhv lv vrphzkdw duelwudu|1 Iru h{dpsoh/ vsolwwlqj d vwdwh
lqwr wzr lqglvwlqjxlvkdeoh vwdwhv/ zklfk duh sk|vlfdoo| lqglvwlqjxlvkdeoh/ vkrxog qrw
fkdqjh wkh ghflvlrq sureohp1 E| irupxodwlqj vhyhudo ghqlwlrqv ri htxlydohqw ghflvlrq
sureohpv zh fdq foduli| wkh iudphzrun ri Vhfwlrq 51
Ghqlwlrq Zh vd| wkdw wkh ghflvlrq sureohp +D>> S > x> , lv d uhqdplqj ri wkh
ghflvlrq sureohp +D>> S> x> , lq wkh iroorzlqj vhqvhv=
Ghflvlrq0wkhruhwlf/ li wkhuh lv d 44 dqg rqwr pds  = S  $ S vxfk wkdw iru doo
U 5 S / li U @ +U, wkhq +U, A 3 li dqg rqo| li +U, A 3 dqg li erwk duh srvlwlyh/









Sk|vlfdo/ li wkhuh lv d ixqfwlrq * =  $  wkdw lv rqwr dqg vdwlvhv




+$, iru doo $ 5 
S +$, @ *3+S +*+$,, iru doo $ 5 =
Zh vd| wkdw wzr ghflvlrq sureohpv duh htxlydohqw +lq hlwkhu ri wkh wzr vhqvhv, li
wkh| kdyh d frpprq uhqdplqj1 Dq hdv| dujxphqw vkrzv wkdw wkhvh duh lqghhg htxly0
dohqfh uhodwlrqv/ dqg wkdw d sk|vlfdo uhqdplqj lv dovr d ghflvlrq0wkhruhwlf uhqdplqj1
Wkh ghflvlrq wkhruhwlf htxlydohqfh qrwlrq zdv irupxodwhg e| Eudqghqexujhu
GhfnhoJhdqdnrsorv +4<;;,1 Li lw krogv dqg li djhqwv dozd|v rswlpl}h dffruglqj wr
+4, dqg +5,/ wkhq ehkdylrudoo| wkh ghflvlrq sureohpv duh htxlydohqw1 Wkh iroorzlqj
ohppd dovr dsshduv lq +EGJ/ 4<;;,=
Ohppd 4 Iru dq| ghflvlrq sureohp +D>> S> x> , wkhuh lv d ghflvlrq0wkhruhwlf uh0
qdplqj +D>> S > x> , lq zklfk S  lv d sduwlwlrq ri 1
<
Vnhwfk ri Surri Ohw  @ S1 Ghqh x = D $ U e| x+d> +U>$,, @ x+d>$,/
S +U>$, @ iUj / dqg +iUj , @ U/ dqg ohw +U>$, @
q
f li / M -
ZE/ li / M - 1 
Wkh xsvkrw ri Ohppd 6 lv wkdw zh fdq xqghuvwdqg wkh lqirupdwlrq surfhvvlqj
dqg ghflvlrq sureohp ri Vhfwlrq 5 dv li wkh djhqw lv d frqyhqwlrqdo pd{lpl}hu/ exw
kdv jrw wkh sulru +rq , zurqj1 Wkh fruuhfw sulruv zrxog eh wkrvh wkdw zrxog
rewdlq li wkh djhqw nqhz wkh ixqfwlrq S / qdpho| W+U>$, @
q
ZE/ li  E/ ' -
f rwkhuzlvh 1
Wkh ohppd wkxv surylghv xv zlwk dqrwkhu lqwhusuhwdwlrq ri ghflvlrq wkhru| zlwk
jhqhudol}hg sduwlwlrqv1 Li wkh uhdghu zlvkhg/ kh frxog uhzulwh doo ri rxu uhvxowv lq
whupv ri wkh frqvhtxhqfhv ri xvlqj wkh zurqj sulruv +ru lq odwhu vhfwlrqv/ ri sod|huv
xvlqj glhuhqw sulruv,1 Wkh dgydqwdjh ri wkh jhqhudol}hg srvvlelolw| dssurdfk lv wkdw
lw h{sodlqv krz wkh plvwdnhq sulruv pljkw kdyh dulvhq1 Wkhruhp 4/ iru h{dpsoh/
jlyhv frqglwlrqv xqghu zklfk wkh djhqw grhv dw ohdvw dv zhoo dv kh zrxog zlwk wkh
uljkw sulruv exw ohvv lqirupdwlrq1 Rqh shukdsv frxog uhirupxodwh wkh uhvxow gluhfwo| lq
whupv ri sulruv/ exw qrqghoxvlrq/ NW\N/ dqg qhvwhg pdnh fohdu mxvw zkdw lqirupdwlrq
surfhvvlqj huuruv duh wrohudeoh1
Zh looxvwudwh Ohppd 4 zlwk wkh r}rqh h{dpsoh lq zklfk  @ id> ej/ +d, @
+e, @ 4@5/ S +d, @ idj/ S +e, @ id> ej1 Ohw  @ idj fruuhvsrqg wr jdppd ud|v
dqg q @ id> ej fruuhvsrqg wr qr jdppd ud|v1 Wkhq  @ S   @ id> e> qd> qej/
S +d, @ S +e, @ id> ej/ S +qd, @ S +qe, @ iqd> qej/ dqg +d, @ 4@5/ +e, @
3/ +qd, @ +qe, @ 4@51 Wkh fruuhfw sulruv duh W+d, @ 4@5/ W+e, @ Eqd, @ 3/
dqg W+qe, @ 4@51 Qrwh wkdw wkh rqo| sduwlwlrq ri  zhdnhu wkdq S lv wkh wulyldo
sduwlwlrq/ zklfk xqghu wkh wudqvirupdwlrq ri Ohppd 4 ehfrphv wkh wulyldo sduwlwlrq
T ri 1 Wkhruhp 4 fdq eh lqwhusuhwhg wr phdq wkdw dq| rswlpdo sodq i =  $ D
zlwk uhvshfw wr wkh sulru  dqg wkh sduwlwlrq S  grhv dw ohdvw dv zhoo/ hydoxdwhg
dffruglqj wr wkh fruuhfw sulruv W/ dv dq| sodq ihdvleoh +l1h1/ phdvxudeoh, zlwk uhvshfw
wr wkh sduwlwlrq T1
Ohw xv qrz lqwurgxfh wkh lghd ri d sduwlfxoduo| vlpsoh/ frqfuhwh ghvfulswlrq ri wkh
vhw ri vwdwhv ri qdwxuh1 Ohw xv fdoo  d sursrvlwlrqdo vwdwh vsdfh li  @ 5?1 Hdfk
$ 5  fdq eh lqwhusuhwhg dv d wuxwk dvvljqphqw wr hdfk ri q rughuhg sursrvlwlrqv/
dqg zh fdq uhsuhvhqw $ dv dq q0wxsoh ri elqdu| gljlwv= $ @ +$+4,> ===> $+t,> ===> $+q,,1
Zh fdoo D  5? d edvlf sursrvlwlrqdo hyhqw li wkhuh lv vrph sursrvlwlrq t vxfk wkdw
D fruuhvsrqgv wr doo vwdwhv dvvljqlqj wkh vdph wuxwk ydoxdwlrq wr t1 Pruh suhflvho|/
wkhuh lv $ 5  vxfk wkdw D @ i$ 5 m$+t, @ $+t,j1 D sursrvlwlrqdo hyhqw D  
lv d qrqhpsw| lqwhuvhfwlrq ri edvlf sursrvlwlrqdo hyhqwv= wkhuh h{lvwv $ 5  dqg
4  t      t6  q vxfk wkdw D @ i$ 5 m$+t, @ $+t,> l @ 4> ===>pj1
Qrwlfh wkdw vr idu wkh rughulqj ri wkh sursrvlwlrqv kdv qrw sod|hg dq hvvhqwldo uroh
lq rxu ghqlwlrqv1 Zh vxjjhvw wkdw d surshuw| ri phpru| lv wkdw wkh sursrvlwlrqv +ru
edvlf sursrvlwlrqdo hyhqwv, duh duudqjhg lq vrph ghqlwh rughu lq wkh plqg/ shukdsv
iurp prvw lpsruwdqw wr ohdvw lpsruwdqw/ ru uhyhuvh fkurqrorjlfdoo| iurp prvw uhfhqw
wr prvw glvwdqw/ vr wkdw rqh uhphpehuv wkh rxwfrphv lq rughu1 Vrphwlphv rqh pljkw
uhphpehu pruh ru ohvv +shukdsv ghshqglqj rq wkh frpsoh{lw| ri wkh rxwfrphv,/ exw
dozd|v lq wkh vdph rughu1 Pruh suhflvho|=
43
Ghqlwlrq Ohw S eh d froohfwlrq ri vxevhwv ri d sursrvlwlrqdo vwdwh vsdfh  @ 5?1
Zh vd| wkdw S kdv wkh phpru| surshuw| li iru dq| U 5 S / wkhuh lv $ 5  dqg
3  n  q vxfk wkdw U @ i$ 5 m$+t, @ $+t,> t @ 4> ===> nj1
Zh qrz vkrz wkdw qhvwhg fdq dozd|v eh lqwhusuhwhg lq whupv ri phpru|1
Ohppd 5 Ohw +D>> S> x> , eh jlyhq dqg ohw +> S , eh qrqghoxghg dqg qhvwhg1
Wkhq wkhuh h{lvwv d sk|vlfdo uhqdplqj +D>> S > x> , zklfk lv sursrvlwlrqdo dqg
kdv wkh phpru| surshuw|1
Surri Wkh surri surfhhgv e| lqgxfwlrq rq &1 Iru  @ i$j/ ohw wkhuh eh rqh
sursrvlwlrq q @ 4 dqg ohw  @ iW>Ij/ ohw S +W , @ S +I , @ / dqg ohw x+d> W , @
x+d>I , @ x+d> $, iru doo d 5 D1 Ilqdoo|/ ohw +W , @ +I , @ 2+$,1
Vxssrvh qrz wkdw wkh ohppd lv wuxh iru &  n/ dqg ohw & @ n . 41 Ohw
Wf @ i$ 5 m$ 5 U 5 S rqo| li U @ j1 Li Wf @ / wkhuh lv qrwklqj wr suryh1 Vr
vxssrvh&Wf  n1 Iru hdfk $ 5 qWf/ ohw W +$, eh wkh vhw lq S zlwk odujhvw fduglqdolw|
 n frqwdlqlqj $1 Wkhq +Wf> iW +$,m$ 5  q Wfj, lv d sduwlwlrq ri 1 E| frpelqlqj
vhwv zh pd| vxssrvh wkdw wkh sduwlwlrq W frqvlvwv ri wzr vhwv/ hdfk frqwdlqlqj dw prvw
n vwdwhv1 Iru dq| W/ dqg $ 5 W/ hlwkhu S +$, @  ru S +$,  W1 Ohw S = W $ 5A q!
eh ghqhg e| S+$, @ S +$,_ W1 Wkhq hdfk ri wkh ghflvlrq sureohpv +D>W> S> x> ,







hdfk  @ 5
? 1 Wr hyhu| $ 5  wkhuh lv dq lqwhjhu 3  n+$,  q vxfk wkdw
S  +$, @ i$ 5 m$+t, @ $+t,> t @ 4> ===> n+$,j1 E| dgglqj luuhohydqw sursrvlwlrqv
+zkrvh wuxwk lv qhyhu glvwlqjxlvkhg e| wkh S  , ZORJ q2 @ q dqg 

2   @
5n? 1 Ohw +D>> S > > x, eh ghqhg e|  @  ^ 2 @ 5 5? 1 S  lv ghqhg e|
S +$, @ S+$
, li $ 5 >  lv ghqhg e| +$, @ +$, li $ 5 > x lv ghqhg e|
x+$, @ x+$
, li $ 5 1 Lw lv fohdu wkdw +D>> S > > x, lv d sk|vlfdo uhqdplqj zlwk
wkh phpru| surshuw| iru +D>> S> > x,/ zkhuh S +$, @ S+$, li $ 5 W1 +Hdfk S +$,
lv fkdudfwhul}hg e| vshfli|lqj d wuxwk ydoxdwlrqv wr rqh sursrvlwlrq glvwlqjxlvklqj
zkhwkhu $ 5  ru $ 5 2/ wr n+$, ri wkh qh{w q sursrvlwlrqv li $ 5 ,1
Ilqdoo|/ uhfdoo wkdw S +$, @ S+$, glhuv iurp S +$, rqo| li S +$, @ 1 Ghqh S  rq
 @  ^ 2/ dv iroorzv= S +$, @
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S +$, @ / wkhq wklv vhw fdq eh fkdudfwhul}hg e| vshfli|lqj wkh wuxwk ydoxdwlrq ri
qrqh ri wkh q . q sursrvlwlrqv1 Khqfh +D>> S > x> , lv d sk|vlfdo uhqdplqj ri
+D>> S> x> , wkdw kdv wkh phpru| surshuw|1 
7 Jdph Wkhru| zlwk Jhqhudol}hg Sduwlwlrqv
Zh fdq h{whqg jdph wkhru| dv zhoo dv ghflvlrq wkhru| wr doorz iru lqirupdwlrq surfhvv0
lqj huuruv1 Wkh ixqgdphqwdo qrwlrq lq jdph wkhru| lv wkh htxloleulxp frqfhsw sur0
ylghg e| Mrkq Qdvk lq 4<841 Ohw J @ +L>D>> S> x> ,/ l @ 4> ===> L/ eh d froohfwlrq
ri ghflvlrq pdnhuv1 Ohw x kdyh grpdlq [U'D 1 Wkhq zh vd| wkdw wkh ixqfwlrqv
+i> l @ 4> ===> L, duh d Qdvk htxloleulxp iru wkh Jdph J l
41 ^S+$, @ S+$,` , ^i+$, @ i+$,`/ $/ $ 5 / l 5 L1
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Zh fdq lqwhusuhw rxu ghqlwlrq ri Qdvk htxloleulxp lq pxfk wkh vdph zd| dv
zh glg wkh vlqjoh djhqw ghflvlrq0pdnhu1 Wkh sod|huv wkhpvhoyhv gr qrw frpsohwho|
xqghuvwdqg wkh prgho/ dqg vr wkh| duh ohg wr pdnh lqirupdwlrq surfhvvlqj eoxqghuv
frqfhuqlqj wkh vljqdov wkh| uhfhlyh1
Rqh frqvhtxhqfh ri wklv srlqw ri ylhz lv wkdw rqh ri wkh udwlrqdol}dwlrqv iru Qdvk
htxloleulxp/ wkdw hdfk sod|hu ghgxfhv zkdw kh vkrxog gr dv d pdwwhu ri orjlfdo lq0
wurvshfwlrq/ lv qr orqjhu whqdeoh1 Krzhyhu/ pdq| ri wkh rwkhu lqwhusuhwdwlrqv ri
htxloleulxp duh vwloo yldeoh1 Iru h{dpsoh/ dq htxloleulxp fdq vwloo eh fkdudfwhul}hg dv
dq djuhhphqw iurp zklfk qr djhqw kdv dq lqfhqwlyh wr ghyldwh1
Ohw xv hpskdvl}h rqh olplwdwlrq ri wkh fxuuhqw prgho1 Djhqwv duh shuplwwhg wr
pdnh huuruv derxw wkh vljqlfdqfh ri wkhlu vljqdov1 Exw wkhvh huuruv gr qrw ghshqg
rq wkh pryhv ri rwkhu djhqwv/ hyhq wkrxjk/ iru h{dpsoh/ wkh qhzv wkdw vrph vwdwh
kdv rffxuuhg pljkw eh pxfk pruh xqsohdvdqw ghshqglqj rq zkdw wkh rwkhu sod|huv
sodq wr gr lq wkdw vwdwh1 Li zh h{whqghg rxu htxloleulxp qrwlrq wr doorz iru fruuhodwhg
htxloleuld/ dv lq +EGJ/ 4<;;,/ wkhq lw zrxog eh qdwxudo wr doorz wkh huuruv wr ghshqg
rq wkh pryhv ri rwkhu djhqwv1 +H1j1 wkhuh pljkw eh vrph wklqjv wkdw |rx vlpso|
uhixvh wr eholhyh vrpherg| hovh zrxog hyhu gr1,
Zh qrz jlyh wkuhh h{dpsohv looxvwudwlqj wkh ghqlwlrq ri Qdvk htxloleulxp zlwk
jhqhudol}hg sduwlwlrqv/ zklfk zloo dovr vhuyh wr lqwurgxfh wkh lghd ri vshfxodwlrq1
H{dpsoh 714 Ohw L @ i4> 5j1 Ohw  @ id> e> fj/ S+d, @ id> ej/ S+e, @ iej/
S+f, @ ie> fj1 Ohw S2+$, @  iru doo $ 5 1 Ohw  @ 2 @ / zlwk +d, @ +f, @
5@:/ +e, @ 6@:1 Ohw wkh dfwlrq vsdfhv eh D @ D2 @ iE>Qj1 Ilqdoo|/ ohw wkh sd|rv
lq wkh wkuhh vwdwhv eh=


















zkhuh % A 3 lv vpdoo1 Lw lv fohdu wkdw wkhuh duh wzr Qdvk htxloleuld1 Lq wkh uvw/
i+$, @ Q / ;$ 5 / l @ 4> 51 Lq wkh vhfrqg/ i+$, @ E/ ;$ 5 / l @ 4> 51 Zh duh
prvw lqwhuhvwhg lq wkh srvvlelolw| ri wkh vhfrqg htxloleulxp1 Khuh wkh djhqwv dozd|v
ehw djdlqvw hdfk rwkhu/ vlpso| rq dffrxqw ri glhuhqw lqirupdwlrq1 Lqghhg/ dowkrxjk
djhqw 4 dozd|v nqrzv vwulfwo| pruh wkdq djhqw 5/ rq dffrxqw ri klv luudwlrqdo
+jhqhudol}hg sduwlwlrq, lqirupdwlrq surfhvvvlqj/ rq dyhudjh kh lv orvlqj prqh|1
H{dpsoh 715 Ohw L @ i4> 5j1 Ohw  @ id> e> fj/ S+d, @ S+f, @ / S+e, @ ie> fj1
Ohw S2+$, @  iru doo $ 5 1 Ohw +$, @ 2+$, @ +$, @ 4@6 iru doo $ 5 1 Ohw wkh
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dfwlrq vsdfhv eh D @ D2 @ iE>Qj1 Ilqdoo|/ ohw wkh sd|rv lq wkh wkuhh vwdwhv eh=


















zkhuh % A 3 lv vpdoo1 Djdlq wkhuh duh wzr Qdvk htxloleuld1 Lq wkh wulyldo rqh/
i+$, @ Q / ;$ 5 / l @ 4> 51 Lq wkh vhfrqg/ i+d, @ i+f, @ Q / exw i+e, @ E/
i2+$, @ E/ ;$ 5 Q 1 Djdlq/ lq wkh lqwhuhvwlqj htxloleulxp d ehw grhv wdnh sodfh/
wkrxjk qrw dozd|v1 Qrwh dovr wkdw djhqw 5 lv zloolqj wr ehw +dozd|v, ehfdxvh kh
nqrzv wkdw wkh rqo| wlph klv ehw zloo eh wdnhq xs lv lq vwdwh e/ zkhuh kh zlqv1 Djhqw
4 nqrzv wkdw 5 lv dozd|v zloolqj wr ehw/ exw grhv qrw uhdol}h wkdw kh klpvhoi rqo| ehwv
zkhq kh lv vxuh wr orvh1 Rqfh djdlq djhqw 4 orvhv rxw wr djhqw 5 ghvslwh klv vxshulru
nqrzohgjh dw hdfk $/ ehfdxvh kh lv qrw shuihfwo| udwlrqdo1
H{dpsoh 716 Ohw L @ i4> 5j1 Ohw  @ id> ej/ S+d, @ idj/ S+e, @ id> ej/ S2+d, @
S2+e, @ 1 Ohw +$, @ +$, @ 4@5/ l @ 4> 5/ $ 5 1 Ohw wkh dfwlrq vsdfhv eh
D @ D2 @ iE>Qj/ dqg wkh sd|rv lq wkh wzr vwdwhv eh=














^4>4`zkhuh % A 3 lv vpdoo1 Khuh wkhuh lv d xqltxh htxloleulxp/ dw zklfk i+$, @ Q /
l @ 4> 5/ $ 5 1 Li i2+$, @ E/ ;$ 5 / wkhq djhqw 4 zrxog fkrrvh i+d, @ E/
i+e, @ Q / lq zklfk fdvh djhqw 5 zrxog qr orqjhu eh zloolqj wr ehw1
Li zh fkdqjhg wkh sd|r dw +E>E> e, iurp +5> 5, wr +x+E>E> e,> x2+E>E> e,, @
+4@5> 4@5,/ wkhq djdlq wkhuh zrxog eh d xqltxh htxloleulxp zlwk i+$, @ Q / l @ 4> 5/
;$ 5 1 Lq wklv jdph wkh lqirupdwlrq surfhvvlqj huuru ri djhqw 4 lv pruh vhulrxv/
vlqfh e| ljqrulqj wkh xqsohdvdqw lqirupdwlrq derxw vwdwh e/ kh lv ohg wr pdnh d zurqj
ghflvlrq dqg ehw doo wkh wlph li kh wklqnv djhqw 5 lv dozd|v ehwwlqj1 Rq wkh rwkhu
kdqg/ lq wklv jdph djhqw 5 lv qrw zloolqj wr ehw li kh wklqnv djhqw 4 lv dozd|v ehwwlqj1
Zh pljkw frqvlghu d wklug yduldqw ri wkh jdph lq zklfk wkh sd|rv duh dv lq wkh
vhfrqg yduldqw/ exw qrz S2+d, @ idj/ S2+e, @ iej1 Qrz li djhqw 4 lv dozd|v ehwwlqj/
djhqw 5 fdq wdnh dgydqwdjh ri wkh vlwxdwlrq/ fkrrvlqj i2+d, @ Q / i2+e, @ E1 Exw lq
rxu ghqlwlrq ri htxloleulxp/ wkrxjk djhqw 4 ljqruhv wkh h{rjhqrxv xqsohdvdqw qhzv
derxw wkh vwdwh ri qdwxuh/ kh grhv qrw plvxqghuvwdqg wkh vwudwhj| djhqw 5 dgrswv1
Khqfh 4 zrxog fkrrvh qrw wr ehw/ dqg rqfh djdlq zh kdyh d xqltxh htxloleulxp dw
zklfk i+$, @ Q / l @ 4> 5/ ;$ 5 1
Zh qrz vkrz wkdw Qdvk htxloleulxp zlwk jhqhudol}hg sduwlwlrqv fdq dozd|v eh
jlyhq d Ed|hvldq lqwhusuhwdwlrq1
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, lv d ghflvlrq0wkhruhwlf
uhqdplqj ri wkh jdph J @ +L>D>> S> x> , li +l, wkhuh duh L 44 dqg rqwr pdsv
 = S

 $ S > +ll, pruhryhu/ iru dooU 5 S / dqg i  =  $ D vdwlvi|lqj i +$, @ i +$,
zkhqhyhu S  +$
, @ S  +$
,/ ohw U @ +U,/ dqg ohw i =  $ D eh ghqhg e| i+$, @
i +$
, iru $ zlwk +S  +$
,, @ S+$,1 Wkhq zh pxvw kdyh +U

, A 3 li dqg rqo| li
+U, A 3/ dqg wkhq iru doo d 5 D/ +lll, ^4@+U,`
S
/M-












Wkh iroorzlqj ohppd dsshduv lq +EGJ/ 4<;;,1
Ohppd 6 Dq| jhqhudol}hg jdph J @ +L>D>> S> x> , kdv d ghflvlrq0wkhruhwlf




, lq zklfk S

 lv d sduwlwlrq ri 
/ iru l @ 4> ===>Q 1
Surri Ohw  @ S    S U 1 Ohw S  +U> ===>UU > $, @ iUjS3/ dqg ohw




li /M- dqg -3 ' 3E/
rwkhuzlvh
iru l @ 4> ===> L/ U 5 S / $ 5 1
Ohw x+d> +U> ===>U?> $,, @ x+d>$, iru l @ 4> ===> L/ d 5 [U'D/ U 5 S / $ 5 1
Ilqdoo|/ ohw +iUj  S3 , @ U1 
Dv dq lpphgldwh fruroodu| zh kdyh
Wkhruhp 9 Li wkh dfwlrq vsdfhv D duh frqyh{ dqg wkh x frqfdyh lq D +ru li wkh
dfwlrq vsdfhv duh glvfuhwh exw udqgrpl}dwlrq lv shuplwwhg, wkhq dq| jhqhudol}hg jdph
kdv d Qdvk htxloleulxp1
Surri Wkhuh lv dozd|v d ghflvlrq0wkhruhwlf uhqdplqj J ri J zklfk lv d vwdqgdug
Ed|hvldq jdph> khqfh J kdv d Qdvk htxloleulxp/ zklfk lqgxfhv d Qdvk htxloleulxp
rq J1 
8 Vshfxodwlrq lq Htxloleulxp
Zloo udwlrqdo/ ulvn dyhuvh djhqwv ehw djdlqvw hdfk rwkhuB Fdq wkh| djuhh wr glvdjuhh
derxw wkh suredelolw| ri vrph hyhqwB Zkdw li wkh| kdyh dffhvv wr glhuhqw lqirupd0
wlrqB Zkdw li vrph ri wkhp pdnh lqirupdwlrq surfhvvlqj huuruvB
Dxpdqq +4<:9, vkrzhg wkdw zkhq djhqwv kdyh sduwlwlrq nqrzohgjh/ lw fdqqrw eh
frpprq nqrzohgjh wkdw wkh| glvdjuhh1 PlojurpVwrnh| +4<;6,/ dqg ohvv jhqhudoo|
VhehqlxvJhdqdnrsorv +4<;7,/ vkrzhg wkdw zkhq djhqwv kdyh sduwlwlrq nqrzohgjh/
lw fdqqrw eh frpprq nqrzohgjh wkdw wkh| zloo vshfxodwh ru ehw djdlqvw hdfk rwkhu1
D qxpehu ri dxwkruv/ lq d orqj vhulhv ri sdshuv/ kdyh vkrzq wkdw wkhuh fdq eh qr
vshfxodwlrq lq d udwlrqdo h{shfwdwlrqv htxloleulxp +h1j1/ Nuhsv/ 4<::> Wluroh/ 4<;5,1
Wkh qrqvshfxodwlrq lghd frxog dovr kdyh ehhq uhirupxodwhg lq whupv ri d Qdvk htxl0
oleulxp1 Zlwk sduwlwlrq0lqirupdwlrq doo ri wkhvh wkhruhpv duh suhww| pxfk wkh vdph=
wkh| fdq doo eh lqvwdqwo| ghulyhg iurp rqh wkhruhp zklfk zh vkdoo jlyh ehorz1 Zkhq
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nqrzohgjh lv ghvfulehg e| jhqhudol}hg sduwlwlrqv/ krzhyhu/ wkhvh wkhruhpv duh glv0
wlqfw> wkhlu surriv duh glhuhqw dqg vr duh wkh k|srwkhvhv qhhghg iru hdfk ri wkhp1
H{dpsohv 714 dqg 715 vkrz wkdw vshfxodwlrq dqg ehwwlqj fdq rffxu lq Qdvk htxl0
oleulxp li wkh srvvlelolw| fruuhvsrqghqfhv S idlo wr eh sduwlwlrqv1 Wkh h{whqvlrq ri
jdph wkhru| wr jhqhudol}hg sduwlwlrqv wkxv shuplwv xv wr prgho d qhz skhqrphqrq1
Rq wkh rwkhu kdqg/ shukdsv lw lv qrw vxusulvlqj dw doo wkdw djhqwv fdq ehw djdlqvw
hdfk rwkhu hyhq wkrxjk wkh| kdyh frpprq sulruv/ zkhq wkhlu udwlrqdolw| lv erxqghg1
Diwhu doo/ rqh zd| vxfk jhqhudol}hg sduwlwlrqv fdq dulvh lv li wkh djhqwv duh idxow| lq
wkhlu surfhvvlqj ri lqirupdwlrq iru h{dpsoh wkh| pd| ljqruh doo xqidyrudeoh lqirupd0
wlrq1 Dqrwkhu zd| wr vhh wkh vdph wklqj/ dv wkh surri ri Wkhruhp 5 pdnhv fohdu +vhh
EGJ/ 4<;;, lv wkdw d jhqhudol}hg htxloleulxp lv lvrprusklf wr d Ed|hvldq sduwlwlrq
htxloleulxp lq zklfk wkh sulruv pd| eh glhuhqw1 Wkh djhqwv pd| kdyh vwduwhg zlwk
frpprq sulruv/ exw rq dffrxqw ri wkhlu idxow| lqirupdwlrq surfhvvlqj/ wkh| ehkdyh dv
li wkhlu sulruv zhuh glhuhqw1 Lw lv zhoo0nqrzq wkdw jdpeolqj fdq wdnh sodfh ehwzhhq
djhqwv zlwk glhuhqw sulruv1
Lq wklv oljkw wkh vxusulvh lv wkdw dq| zhdnhqlqj ri sduwlwlrq lqirupdwlrq vwloo uh0
wdlqv hqrxjk vwuxfwxuh wr suhyhqw vshfxodwlrq1 Uhfdoo iru lqvwdqfh wkdw qrqghoxvlrq/
nqrzlqj wkdw |rx nqrz/ dqg qhvwhg duh wrjhwkhu vwloo frqvlvwhqw zlwk wkurzlqj dzd|
xqsohdvdqw lqirupdwlrq dw ohdvw rqfh1 \hw zh kdyh=
Wkhruhp 6 Ohw J @ +L>D>> S> x> , eh d jhqhudol}hg jdph1 Vxssrvh hdfk
sod|hu l kdv dq dfwlrq } vxfk wkdw iru doo +i> ===> iU,/
S
/Ml x+}> i3+$,> $,+$, @
x1 Ixuwkhupruh/ vxssrvh wkdw li iru dq| +i> ===> iU,/
S
/Ml x+i+$,> $,+$, @ x iru
doo l/ wkhq i+$, @ } iru doo $ 5 / m @ 4> ===> L1 Ilqdoo|/ ohw hdfk S vdwlvi| NW\N/
qrqghoxghg dqg qhvwhg1 Wkhq J kdv d xqltxh htxloleulxp/ lq zklfk i+$, @ } iru
doo l @ 4> ===> L/ dqg doo $ 5 1 Frqyhuvho|/ li dq| S idlov wr vdwlvi| dq| ri NW\N/
qrqghoxghg/ dqg qhvwhg/ wkhq wkhuh duh D/ x/ / l 5 L/ iru zklfk wkh wkhruhp idlov1
Surri Ohw +i> ===> iU, eh dq htxloleulxp1 Il{ i iru doo m 9@ l/ dqg orrn dw wkh rqh0
shuvrq ghflvlrq sureohp wklv lqgxfhv iru sod|hu l1 Fohduo| i pxvw eh dq rswlpdo sodq
iru wklv ghflvlrq sureohp1 Exw li l kdg wkh wulyldo sduwlwlrq T+$, @  iru doo $ 5 /
kh zrxog eh deoh wr jxdudqwhh klpvhoi h{ dqwh xwlolw| dw ohdvw x e| dozd|v sod|lqj
j+$, @ }1 Khqfh e| Wkhruhp 4/
S
/Ml x+i+$,> $,+$,  x1 Vlqfh wklv lv wuxh iru
doo l/ e| k|srwkhvlv i+$, @ } iru hdfk l dqg $ 5 1 
Lq H{dpsoh 714 vshfxodwlrq rffxuv ehfdxvh S grhv qrw vdwlvi| qhvwhg1 Lq H{dpsoh
715/ S grhv qrw vdwlvi| NW\N1 Lq H{dpsoh 716/ wkhuh frxog eh qr vshfxodwlrq qr
pdwwhu krz zh ghqhg wkh sd|rv1
Wkh h{dpsohv vkrz wkdw NW\N/ qrqghoxghg/ dqg qhvwhg qrw rqo| vx!fh wr holp0
lqdwh vshfxodwlrq lq Qdvk htxloleulxp/ exw duh qhfhvvdu| dv zhoo1 Li dq djhqw*v lqiru0
pdwlrq S idlov wr vdwlvi| doo ri wkh deryh/ zh fdq qg rwkhu djhqwv zlwk sduwlwlrq
lqirupdwlrq/ dqg surshuo| vshflhg sd|rv iru doo wkh djhqwv dw zklfk wkhuh zloo eh
vrph vshfxodwlrq lq htxloleulxp1
Olnh Wkhruhp 4/ Wkhruhp 6 fdq eh h{whqghg wr doorz iru yduldeoh dfwlrq vsdfhv1
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Fruroodu| 614 Frqvlghu wkh jhqhudol}hg jdph J @ +L> D> D>> S> x, zlwk ydul0
deoh dfwlrq vsdfhv1 Vxssrvh wkdw ^S+$, @ S+$,` , ^ D+$, @ D+$,`/ l @ 4> ===> L1
Wkhq li wkhuh duh } 5
W
/Ml
D+$,/ l @ 4> ===> L/ vxfk wkdw wkh frqglwlrqv ri Wkhruhp 6
duh vdwlvhg/ wkhq J kdv d xqltxh htxloleulxp i zlwk i+$, @ } iru hdfk l @ 4> ===> L/
$ 5 1
Surri Iroorz wkh orjlf ri wkh surri ri Wkhruhp 6/ dqg dsso| Fruroodu| 414 zkhuh
aD @ i}j1 
Zh fdq lpphgldwho| dsso| wkh deryh wkhruhp wr vkrz d jhqhudol}dwlrq ri wkh
vwdqgdug qr vshfxodwlrq wkhruhp lq udwlrqdo h{shfwdwlrqv htxloleulxp1
Zh ghqh dq hfrqrp| H @ +L>Uun>> S> x> > h, e| d vhw ri djhqwv L/ d frp0
prglw| vsdfh Uun/ d vhw  ri vwdwhv ri qdwxuh/ hqgrzphqwv h 5 Uuln dqg xwlolwlhv
x = U
u
n   $ U iru l @ 4> ===> L/ dqg jhqhudol}hg sduwlwlrqv S dqg phdvxuhv  iru
hdfk djhqw l @ 4> ===> L1 Zh vxssrvh hdfk x lv vwulfwo| prqrwrqlf/ dqg vwulfwo| frqfdyh/
dqg wkdw ^S+$, @ S+$,` , ^h+$, @ h+$,` iru doo l @ 4> ===> L1
Ghqlwlrq D udwlrqdo h{shfwdwlrqv htxloleulxp +UHH, +s> L> {, iruH @ +L>Uun>> S> x> > h,






+ll, s+$,{+$, @ s+$,h+$,/ iru doo l @ 4> ===> L/ dqg doo $ 5 1
+lll, ^S+$, @ S+$,dqgs+$, @ s+$,` , ^{+$, @ {+$,` iru l @ 4> ===> L/ dqg doo $/
$ 5 1












Wkh uhihuhqfh wr udwlrqdo lq UHH frphv iurp wkh idfw wkdw djhqwv xvh wkh vxewoh
lqirupdwlrq frqyh|hg e| sulfhv lq pdnlqj wkhlu ghflvlrqv1 Wkdw lv/ wkh| qrw rqo| xvh
wkh sulfhv wr fdofxodwh wkhlu exgjhwv/ wkh| dovr xvh wkhlu nqrzohgjh ri wkh ixqfwlrq s
wr ohduq pruh derxw wkh vwdwh ri qdwxuh1 Li zh prglhg +lll, dqg +ly, deryh wr







x+|> $,+$, iru doo l @ 4> ===> L/ iru
doo $ 5  dqg doo | 5 Uun zlwk s+$,| @ s+$,h+$,1
Wkhq zh zrxog kdyh wkh frqyhqwlrqdo ghqlwlrq ri frpshwlwlyh htxloleulxp +FH,1
Wkh iroorzlqj qrqvshfxodwlrq wkhruhp krogv iru UHH/ exw qrw iru FH1 ^Iru surriv
zkhq djhqwv kdyh sduwlwlrq lqirupdwlrq dqg ohduq iurp sulfhv/ vhh Nuhsv +4<::,/
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Wluroh +4<;4,/ Gxeh|JhdqdnrsorvVkxeln +4<;:,1 Iru dq h{dpsoh zlwk sduwlwlrq
lqirupdwlrq lq zklfk djhqwv gr qrw ohduq iurp sulfhv/ dqg vr vshfxodwh/ vhh Gxeh|
JhdqdnrsorvVkxeln +4<;:,1` Zh vd| wkdw wkhuh duh rqo| vshfxodwlyh uhdvrqv wr wudgh
lq H li lq wkh devhqfh ri dv|pphwulf lqirupdwlrq wkhuh zrxog eh qr shufhlyhg jdlqv
wr wudgh1 Wklv rffxuv zkhq wkh lqlwldo hqgrzphqw doorfdwlrq lv h{ dqwh Sduhwr rs0




' h+$, iru doo $ 5 / dqg li iru hdfk l @ 4> ===> L /S
/Ml x+|+$,> $,+$, 
S
/Ml x+h+$,> $,+$,/ wkhq | @ h iru doo l @ 4> ===> L1
Fruroodu| 615 Ohw H @ +L>Uun>> +S> x> > h,, eh dq hfrqrp|/ dqg vxssrvh wkh
lqlwldo hqgrzphqw doorfdwlrq lv h{ dqwh Sduhwr rswlpdo1 Ohw +s> L> {, eh d udwlrqdo
h{shfwdwlrqv htxloleulxp1 Vxssrvh wkdw hdfk S lv qrqghoxghg/ qhvwhg/ dqg vdwlvhv
nqrzlqj wkdw |rx nqrz1 Wkhq { @ h iru doo l @ 4> ===> L1
Surri Wkh surri iroorzv lpphgldwho| iurp Fruroodu| 6141 Ohw S  +$, @ S+$, _
L+s+$,, eh wkh jhqhudol}hg sduwlwlrq iru hdfk djhqw/ dqg ohw D+$, @ i|ms+$,  | @ 3




9 Nqrzlqj \rxu Rzq Dfwlrq
Frqvlghu djdlq wkh vlqjoh shuvrq ghflvlrq sureohp +D>> S> x> ,/ dqg vxssrvh wkdw
i =  $ D lv dq rswlpdo sodq1 Zkdw gr zh phdq zkhq zh vd| wkdw wkh djhqw nqrzv
zkdw kh lv grlqj dw vrph $ 5 B Vlpso| sxw/ zh phdq wkdw li wkh djhqw uhjdugv
$ dv srvvleoh dw $/ wkhq kh vkrxog wdnh wkh vdph dfwlrq dw $ dv dw $= li $ 5 S +$,/
wkhq i+$, @ i+$,1
Uhfdoo wkdw lq ghflvlrq wkhru|/ wkh djhqw ehjlqv zlwk d sulru  rq / wkhq uhqhv
klv lqirupdwlrq wr S +$,1 Li S ghvfulehv d sduwlwlrq/ wkhq wkh djhqw ehkdyhv dv li
kh kdv vliwhg wkurxjk hyhu| srvvleoh vrxufh ri lqirupdwlrq1 Rq wkh rwkhu kdqg/ li
S lv d jhqhudol}hg sduwlwlrq/ wkhq wkh djhqw pljkw irujhw ru ljqruh lqirupdwlrq dw
$ zklfk vkrxog kdyh fdxvhg klp wr h{foxgh wkh srvvlelolw| ri $1 Wklv lv frqvlvwhqw
zlwk nqrzlqj zkdw kh lv grlqj surylghg wkdw dw $ kh zrxog wdnh wkh vdph dfwlrq1
Vxssrvh wkdw Zdwvrq grhv qrw qrwlfh zkhwkhu wkh grjv glg dq|wklqj lq wkh qljkw
wlph/ dqg fkrrvhv vrph dfwlrq1 Li wkh grjv kdg edunhg/ Zdwvrq zrxog kdyh qrwlfhg>
kh kdv huuhg e| qrw ghgxflqj iurp wkh devhqfh ri vrxqg wkdw lq idfw wkh grjv glg
qrw edun lq wkh qljkw wlph1 Qhyhuwkhohvv zh frxog vd| wkdw Zdwvrq nqhz zkdw kh
zdv grlqj li wkh lqirupdwlrq kh zrxog uhfhlyh iurp khdulqj wkh grjv edun zrxog qrw
fkdqjh klv plqg derxw klv ehvw ghflvlrq1
Wkh djhqw dozd|v nqrzv zkdw kh lv grlqj xqghu wkh dfwlrq sodq i li wkh dfwlrq kh
lv vxssrvhg wr wdnh lv dozd|v vhoi0hylghqw wr klp1 Zh vkdoo ghvfuleh wkh flufxpvwdqfhv
lq zklfk dq djhqw zkr dozd|v nqrzv zkdw kh lv grlqj pd| dsshdu wr eh shuihfwo|
udwlrqdo hyhq zkhq kh lv pdnlqj lqirupdwlrq surfhvvlqj huuruv1
Ghqlwlrq Dq djhqw zkr surfhvvhv lqirupdwlrq dffruglqj wr +> S , nqrzv zkdw
kh lv grlqj dw vrph $ 5  xvlqj wkh dfwlrq sodq i =  $ D li S +$,  Ts +$, @ i$ 5
mi+$, @ i+$,j1
4:
Zh vkdoo qrz vkrz wkdw li dq djhqw dozd|v nqrzv zkdw kh lv grlqj +l1h1/ nqrzv
iru doo $ 5 ,/ wkhq ehwwhu lqirupdwlrq zloo pdnh klp ehwwhu r xqghu txlwh jhqhudo
flufxpvwdqfhv1 Wr wklv hqg zh lqwurgxfh rxu irxuwk dqg iwk surshuwlhv ri lqirupdwlrq
surfhvvlqj=
Ghqlwlrq Wkh lqirupdwlrq surfhvvru +> S , lv srvlwlyho| edodqfhg zlwk uhvshfw wr
vrph vhw H   l wkhuh h{lvwv d ixqfwlrq  = S $ Un/ vxfk wkdw +ohwwlqj " eh wkh
fkdudfwhulvwlf ixqfwlrq ri dq| vhw D  ,
[
M
+F,"+$, @ ".+$, iru doo $ 5 =
Li wkh vdph krogv wuxh iru vrph  xquhvwulfwhg lq vljq/  = S $ U/ wkhq zh vd| wkdw
+> S , lv edodqfhg zlwk uhvshfw wr H1 +Pruh jhqhudoo|/ iru dq| froohfwlrq ri hyhqwv/
[  5l/ dqg H 5 5l/ zh vd| wkdw [ lv +srvlwlyho|, edodqfhg zlwk uhvshfw wr H li
wkhuh lv  = [ $ +Un,U vxfk wkdw
S
Mf +F," @ ".1
Edodqfhgqhvv jlyhv d frqglwlrq xqghu zklfk rqh fdq vd| wkdw hyhu| hohphqw $ 5 H
lv htxdoo| vfuxwlql}hg e| wkh lqirupdwlrq fruuhvsrqghqfh S 1 Hyhu| hohphqw F 5 S
kdv dq lqwhqvlw| +F,/ dqg wkh vxp ri wkh lqwhqvlwlhv zlwk zklfk hdfk $ 5 H lv
frqvlghuhg srvvleoh e| S lv wkh vdph/ qdpho| 41 Edodqfhgqhvv lv d jhqhudol}dwlrq ri
sduwlwlrq1 Li H fdq eh zulwwhq dv d glvmrlqw xqlrq ri hohphqwv ri S / wkhq +> S , lv
wulyldoo| edodqfhg zlwk uhvshfw wr H16
Wkhuh lv d vshfldo fodvv ri hyhqwv iru zklfk ehlqj edodqfhg lv hvshfldoo| lpsruwdqw1
Uhfdoo=
Ghqlwlrq Dq hyhqw H 5  lv vhoi0hylghqw wr wkh surfhvvru +> S , li S +$,  H iru
doo $ 5 H1 Wkh qrwlrq ri vhoi0hylghqw kdv ehhq xvhg lq Vklq +4<;<,/ Vdphw +4<;:,/
EurzqJhdqdnrsorv +4<;;,/ Jhdqdnrsorv +4<;;,/ dqg PrqghuhuVdphw +4<;;,1 Dq
hyhqw lv vhoi0hylghqw li lw fdq qhyhu rffxu zlwkrxw wkh djhqw nqrzlqj wkdw lw kdv
rffxuuhg1
Ghqlwlrq +> S , lv edodqfhg +srvlwlyho| edodqfhg, li lw lv edodqfhg +srvlwlyho|
edodqfhg, zlwk uhvshfw wr hyhu| vhoi0hylghqw vhw1
Li +> S , lv d sduwlwlrq/ wkhq wkh vhoi0hylghqw vhwv duh +glvmrlqw, xqlrqv ri hohphqwv
ri S 1 Khqfh +> S , lv wulyldoo| srvlwlyho| edodqfhg1 Qrwh wkdw lq H{dpsoh 514 +> S , lv
edodqfhg zlwk +S +d,, @ 4 @ +S +f,,/ dqg +S +e,, @ 4 exw qrw srvlwlyho| edodqfhg1
Lq H{dpsohv 515 dqg 516 +> S , lv srvlwlyho| edodqfhg vlqfh iru erwk ri wkhp  5 S 1
Zh qrz xvh wkh qrwlrq ri vhoi0hylghqw hyhqwv wr fkdudfwhul}h wkh uhodwlrqvkls eh0
wzhhq srvlwlyho| edodqfhg dqg edodqfhg dqg qrqghoxghg/ NW\N/ dqg qhvwhg1 Srvl0
wlyho| edodqfhg lv d zhdnhqlqj ri qhvwhg/ dqg edodqfhg lv d ixuwkhu zhdnhqlqj wkdw lv
dovr d zhdnhqlqj ri NW\N1
6Edodqfhgqhvv lv vlplodu wr d frqfhsw +zlwk wkh vdph qdph, wkdw sod|hg dq lpsruwdqw uroh lq wkh
ghyhorsphqw ri wkh wkhru| ri wkh fruh lq frrshudwlyh jdph wkhru|1
4;
Ohppd 7 Li +> S , lv qrqghoxghg dqg qhvwhg/ wkhq +> S , lv srvlwlyho| edodqfhg1
Surri OhwH eh vhoi0hylghqw wr +> S ,1 Iru hdfk $ 5 H/ ohwH+$, @ V/M. /M E/ S +$,1
E| qrqghoxghg $ 5 H+$,/ dqg e| qhvwhg H+$, lv d sduwlwlrq riH/ dqg hdfkH+$, 5 S 1

Ohppd 8 Ohw +> S , vdwlvi| qrqghoxvlrq dqg nqrzlqj wkdw |rx nqrz1 Wkhq +> S ,
lv edodqfhg1
Surri Wkh surri surfhhgv e| lqgxfwlrq1 Li & @ 4/ wkhuh lv qrwklqj wr vkrz1
Vxssrvh wkh wuxwk ri wkh Ohppd iru &  n1 Qrz ohw & @ n . 41 Ilqg dq
hohphqw U 5 S zklfk plqlpl}hv &U1 Iurp qrqghoxghg/ nqrzlqj wkdw |rx nqrz/
dqg wkh plqlpdolw| ri &U/ zh ghgxfh wkdw S +$, @ U iru doo $ 5 U1 Pruhryhu/ li
S +$,_U 9@ !/ wkhq S +$,  U/ iru rwkhuzlvh li $ 5 S +$,_U/ wkhq &S +$, ? &U1
Ohw  @  qU/ dqg ohw S  =  $ 5l eh ghqhg e| S +$, @ S +$, qU1 Wkhq +> S ,
vdwlvhv NW\N dqg qrqghoxvlrq1 E| wkh lqgxfwlrq k|srwkhvlv +> S  , lv edodqfhg1
Qrz/ ohw H eh vhoi0hylghqw wr +> S ,1 Li H _U @ !/ wkhq H lv vhoi0hylghqw wr +> S ,/
dqg wkh edodqflqj zhljkwv duh vwulfwo| srvlwlyh rqo| rq F 5 S _ S 1 Li H @ U/ wkhq
wkh uhvxow lv reylrxv1 Li U 9 H/ wkhq H @ H q U lv vhoi0hylghqw wr +> S ,1 Xvh wkh







Wkh orjlfdo frqqhfwlrqv ehwzhhq edodqfhg/ srvlwlyho| edodqfhg/ qhvwhg/ NW\N/
dqg sduwlwlrq lqirupdwlrq/ dvvxplqj qrqghoxghg1 Lq odwhu vhfwlrqv zh vkrz wkdw li
hdfk djhqw lv qrqghoxghg/ wkhq
doo djhqwv edodqfhg / wkh| fdqqrw djuhh wr glvdjuhh
doo djhqwv srvlwlyho| edodqfhg / qr frpprq nqrzohgjh vshfxodwlrq
doo djhqwv qhvwhg dqg NW\N / qr htxloleulxp vshfxodwlrq
Lq rxu qh{w wkhruhp zh vkrz wkdw Wkhruhp 4 fdq eh suryhg xqghu pxfk zhdnhu
k|srwkhvhv li zh vxssrvh wkdw wkh djhqw nqrzv zkdw kh lv grlqj1 +Qhhgohvv wr vd|/ li
dq djhqw lv qrw xqerxqghgo| udwlrqdo/ zh pljkw qrw h{shfw klp dozd|v wr nqrz zkdw
kh lv grlqj1,
4<
Wkhruhp 7 Ohw +> S , eh qrqghoxghg dqg srvlwlyho| edodqfhg1 Ohw i =  $ D
eh rswlpdo iru wkh ghflvlrq sureohp +D>> S> x> ,1 Vxssrvh wkdw wkh lqirupdwlrq
surfhvvru +> S , dozd|v nqrzv zkdw kh lv grlqj xqghu wkh dfwlrq sodq i 1 Li T lv d







Li T+$,  Ts +$, iru doo $ 5 / wkhq wkh deryh lqhtxdolw| lv dfwxdoo| dq htxdolw|1
Frqyhuvho|/ li +> S , idlov wr eh hlwkhu qrqghoxghg ru srvlwlyho| edodqfhg/ wkhq wkhuh
h{lvw ghflvlrq sureohpv dqg sduwlwlrqv T iru zklfk wkh deryh lqhtxdolw| lv vwulfwo|
uhyhuvhg1
Surri Vlqfh TbTs ghqhg e| +TbTs ,+$, @ T+$,_Ts +$,  Ts +$, lv d sduwlwlrq
zklfk uhqhv T/ dqg vlqfh pruh lqirupdwlrq lv dozd|v ehwwhu iru sduwlwlrqv/ lw vx!fhv
wr vkrz wkdw htxdolw| krogv deryh zkhqhyhu T+$,  Ts +$, iru doo $ 5 1
Ohw H 5 T1 Vlqfh T lv d sduwlwlrq ri / T+$, @ H iru doo $ 5 H/ dqg vlqfh T lv d
frduvhqlqj ri S / lw iroorzv wkdw H lv vhoi0hylghqw wr +> S ,1 Zulwh
[
M
+F," @ ". > zkhuh   3=
E| qrqghoxvlrq/ li $ 9 5H/ wkhq $ 5 S +$, dqg vr +S +$,, @ 31 Vlqfh H  Ts +$, iru
dq| $ 5 H/ lw iroorzv wkdw i+$, @ d iru doo $ 5 H/ iru vrph d 5 D1 Wr frqfoxgh wkh
























Wr dujxh lq wkh rwkhu gluhfwlrq/ qrwh wkdw wkhuh duh wulyldo frxqwhuh{dpsohv li
+> S , grhv qrw vdwlvi| qrqghoxghg1 Li lw grhv/ wkhq vxssrvh wkdw iru doo ghfl0





/Ml "+$,ax+d> $,a+$, 
S
/Ml "+$,ax+e> $,a+$, iru doo F 5
S / F  H` lpsolhv ^S/Ml ".+$,ax+d>$,a+$,  S/Ml ".+$,ax+e> $,a+$,`1 Vlqfh wkh
ax+d> $,/ ax+e> $,/ a+$, duh duelwudu|/ zh fdq dsso| Idundv* Ohppd zklfk dvvhwv wkdw
wkhuh duh +F,  3 iru F  H vxfk wkdw SMca 7. +F," @ ". 1 
Wkh lghd ehklqg wkh surri ri Wkhruhp 7 lv txlwh glhuhqw iurp wkdw xvhg lq wkh
surri ri Wkhruhp 41 Wkh iroorzlqj ghqlwlrqv duh foduli|lqj1
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Ghqlwlrq D ixqfwlrq  = 5l $ D lv vdlg wr vdwlvi| wkh vxuh0wklqj sulqflsoh li
zkhqhyhu H/ I duh glvmrlqw dqg +H, @ +I ,/ wkhq ohwwlqj E @ H ^ I / +E, @ +H,1
Zh vd| wkdw  vdwlvhv wkh jhqhudol}hg vxuh0wklqj sulqflsoh li zkhqhyhu +H, @ g iru
doo H 5 [  5l/ dqg [ lv srvlwlyho| edodqfhg zlwk uhvshfw wr vrph E 5 5l@!/ wkhq
+E, @ g1
Ehkdylru zklfk lv rswlpdo lq wkh vhqvh zh kdyh ghvfulehg/ zkhuh lqirupdwlrq
surfhvvlqj huuruv duh uhsuhvhqwhg e| srvvlelolw| fruuhvsrqghqfhv ru jhqhudol}hg sduwl0
wlrqv/ dozd|v vdwlvhv wkh jhqhudol}hg vxuh0wklqj sulqflsoh1
Wkhruhp 7 kdv rqh sduwlfxoduo| lpsruwdqw frqvhtxhqfh1 Vxssrvh dq djhqw zkr
lv srvlwlyho| edodqfhg rswlpdoo| fkrrvhv vrph dfwlrq sodq i xqghu zklfk kh nqrzv
zkdw kh lv grlqj1 Li wkh djhqw zhuh wr irujhw hyhu|wklqj kh nqhz h{fhsw zkdw zdv
qhfhvvdu| wr lpsohphqw wkh ghflvlrq sodq/ wkhq kh zrxog vwloo fkrrvh wkh vdph sodq
li kh zdv qrqghoxghg dqg srvlwlyho| edodqfhg1 Wr sxw wkh pdwwhu vwloo glhuhqwo|/ wkh
rswlpdo ehkdylru ri dq djhqw zkr lv qrqghoxghg dqg edodqfhg dqg dozd|v nqrzv zkdw
kh lv grlqj fdqqrw eh glvwlqjxlvkhg iurp wkh ehkdylru ri dq xqerxqghgo| udwlrqdo
+sduwlwlrq lqirupdwlrq surfhvvlqj djhqw,1
: Frpprq Nqrzohgjh ri Hyhqwv yv1 Frpprq Nqrzo0
hgjh ri Dfwlrqv
Dxpdqq +4<:9, lqwurgxfhg wkh lghd ri frpprq nqrzohgjh ri hyhqwv dqg dfwlrqv1 Zh
lqyhvwljdwh zkdw frqfoxvlrqv zh fdq gudz +derxw vshfxodwlrq dqg frqvhqvxv, zkhq
zh dgg wkh dgglwlrqdo k|srwkhvlv wkdw dfwlrqv duh frpprq nqrzohgjh1 Djdlq zh qg
d qrqvshfxodwlrq wkhruhp/ exw xqghu zhdnhu frqglwlrqv wkdq Wkhruhp 7/ dqg zlwk
d glhuhqw surri1 Zh dovr ghulyh d frqvhqvxv wkhruhp xqghu vwloo zhdnhu k|srwkhvhv/
zlwk |hw dqrwkhu nlqg ri surri1
Zh fdq douhdg| jhw vrph lghd ri wkh lpsruwdqfh ri wkh k|srwkhvlv wkdw dfwlrqv
duh frpprq nqrzohgjh iurp H{dpsoh 7151 Wkh djhqwv gr ehw lq htxloleulxp/ exw dw
wkh prphqw hdfk frpplwv klpvhoi wr wkh ehw kh grhv qrw nqrz zkhwkhu lw zloo eh
dffhswhg ru qrw1 Wkh ehw lv qrw frpprq nqrzohgjh1 Zh qrz irupdol}h wklv lghd1
Wkh srvvlelolw| fruuhvsrqghqfh S jlyhv ulvh wr d nqrzohgjh rshudwruN e|N+D, @
i$ = S+$,  Dj1 N vdwlvhv wkh iroorzlqj wkuhh surshuwlhv=
+4, N @ >
+5, D  E , ND  NE>
+6, ND _NE @ N+D _E,1
Li S lv qrqghoxghg/ wkhq
+7, ND  D iru doo D1
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Ghqlwlrq +Ohzlv +4<9<,/ Dxpdqq +4<:9,, Zh vd| wkdw dq hyhqw D lv frpprq
nqrzohgjh dw $ li iru dq| vhtxhqfh ri sod|huv l> ===> l?/ $ 5 N > ===>N?D1
Zh fdq jlyh dq htxlydohqw ghqlwlrq ri frpprq nqrzohgjh edvhg rq rxu idploldu
qrwlrq ri vhoi0hylghqw hyhqw1
Ghqlwlrq Ohw djhqwv* nqrzohgjh eh uhsuhvhqwhg e| +> S,/ l @ 4> ===> L1 Dq hyhqw
H   lv vhoi0hylghqw wr l li ^$ 5 H` , ^S+$,  H`1 Ohw H eh wkh froohfwlrq ri doo
vhoi0hylghqw hyhqwv wr l1 Zh fdoo H @ WU' H wkh froohfwlrq ri sxeolf hyhqwv1
Wkh iroorzlqj sursrvlwlrq lv wdnhq iurp EurzqJhdqdnrsorv +4<;;,/ ru Prqghuhu
Vdphw +4<;;,/ h{whqglqj Vklq +4<;:,/ zkr h{whqghg Dxpdqq +4<:9,1 Wkh uhdghu
lqwhuhvwhg lq d ixuwkhu glvfxvvlrq ri frpprq nqrzohgjh lv uhihuuhg wr dq| ri wkhvh
zrunv1
Sursrvlwlrq Ohw wkh nqrzohgjh ri djhqwv l @ 4> ===> L eh uhsuhvhqwhg e| +> S,/
zkhuh hdfk S lv qrqghoxghg1 Wkhq dq hyhqw D lv frpprq nqrzohgjh dw $ li dqg
rqo| li wkhuh lv d sxeolf hyhqw H 5 H zlwk $ 5 H  D1
Qrw rqo| hyhqwv/ exw dovr dfwlrqv fdq eh frpprq nqrzohgjh1
Ghqlwlrq Ohw i =  $ D eh d ixqfwlrq iurp  wr vrph vhw D1 Jlyhq lqirupdwlrq
surfhvvruv +> S,/ l @ 4> ===> L/ zh vd| wkdw i lv frpprq nqrzohgjh dw vrph $ 5  l
wkh hyhqw Ts +$, @ i$mi+$, @ i+$,j lv frpprq nqrzohgjh dw $1
Revhuyh wkdw li i lv wkh dfwlrq sodq ri vrph sod|hu l/ wkhq rqh frqvhtxhqfh ri
i ehlqj frpprq nqrzohgjh dw $ lv wkdw l klpvhoi nqrzv zkdw kh lv grlqj dw $1
Uhsodflqj  e| wkh vpdoohvw sxeolf hyhqw  frqwdlqlqj $/ zh vhh wkdw lq idfw zh fdq
pruh vwurqjo| dvvhuw wkdw li i lv frpprq nqrzohgjh dw $/ wkhq l dozd|v +lq , nqrzv
zkdw kh lv grlqj1
Wkhuh zrxog vhhp wr eh d zlgh jxoi ehwzhhq wkh k|srwkhvlv wkdw djhqwv nqrz
wkh vdph wklqjv +derxw doo hyhqwv, dqg wkh k|srwkhvlv wkdw djhqwv nqrz wkh vdph
wklqjv derxw zkdw wkh| duh hdfk sodqqlqj wr gr1 Lqghhg lw lv frpprqo| khog wkdw zh
revhuyh djhqwv lqwhudfwlqj +l1h1/ wdnlqj dfwlrqv, lq ydulrxv zd|v rq dffrxqw ri wkh idfw
wkdw wkh| kdyh dv|pphwulf lqirupdwlrq1 Wkh iroorzlqj wkhruhp/ krzhyhu/ ghvfulehv
wkh srzhu ri dvvxplqj dfwlrqv duh frpprq nqrzohgjh1 Lw jhqhudol}hv d wkhruhp
+Jhdqdnrsorv/ 4<;:,/ suryhg iru Qdvk htxloleuld/ iroorzlqj dq lghd lq Fdyh +4<;6,1 Lw
vkrzv wkdw li lq Qdvk htxloleulxp wkh dfwlrqv duh frpprq nqrzohgjh dw $/ wkhq wkh
lqirupdwlrq pljkw dv zhoo eh wkh vdph dv zhoo1 Khqfh rqfh dfwlrqv duh suhvxphg wr
eh frpprq nqrzohgjh/ dv|pphwulf lqirupdwlrq surylghv qr h{sodqdwlrq zkdwvrhyhu
ri ehkdylru1
Wkhruhp 8 Ohw J @ +L>D>> S> x> , kdyh dq htxloleulxp +i> ===> iU,1 Ohw S
eh qrqghoxghg dqg srvlwlyho| edodqfhg/ iru l @ 4> ===> L1 Vxssrvh wkdw lw lv frpprq
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nqrzohgjh dw vrph $ zkdw pryhv wkh sod|huv duh pdnlqj1 Wkhq zh fdq uhsodfh
hdfk S zlwk S/ fuhdwlqj d qhz jhqhudol}hg jdph J/ kdylqj wkh vdph htxloleulxp
+i> ===> iU,/ dqg pruhryhu zh fdq fkrrvh S+$, wr eh lqghshqghqw ri l1
Surri Iurp wkh sursrvlwlrq zh nqrz wkdw wkhuh lv d sxeolf hyhqw H vxfk wkdw
i+$
, @ i+$, iru doo $ 5 H/ dqg doo l @ 4> ===> L1 Ohw S+$, @ H iru doo $ 5 H/
exw rwkhuzlvh ohdyh S xqfkdqjhg1 Ohw ] @ i+$,1 Vlqfh ] lv rswlpdo jlyhq wkh
lqirupdwlrq lq dq| S+$,/ iru dq| $ 5 H/ e| Wkhruhp 7 djhqw l zrxog fkrrvh ]
dw $ li kh zhuh rqo| lqiruphg ri S+$,1 Vlqfh iru $ 9 5H/ S+$, @ S+$,/ zh vhh
wkdw fkdqjlqj wkh lqirupdwlrq vwuxfwxuh ri wkh jdph grhv qrw dhfw wkh htxloleulxp
pryhv1 
Wkh k|srwkhvhv lq Wkhruhp 8 duh qrw rqo| vx!flhqw iru Wkhruhp 8/ exw qhfhv0
vdu| dv zhoo1 Li vrph djhqw*v lqirupdwlrq surfhvvlqj +> S, zdv qrw qrqghoxghg ru
srvlwlyho| edodqfhg/ wkhq zh frxog qg sd|rv/ dqg dqrwkhu sod|hu zlwk sduwlwlrq
lqirupdwlrq/ vxfk wkdw lq wkh uhvxowlqj htxloleulxp dfwlrqv zhuh frpprq nqrzohgjh
exw wkh dv|pphwu| ri lqirupdwlrq frxog qrw eh glvshqvhg zlwk1 Wkh vdph uhpdun
dssolhv wr Fruroodulhv 814 dqg 8151 Wkh| jlyh d qhfhvvdu| dqg vx!flhqw frqglwlrq
iru qrqvshfxodwlrq lq htxloleulxp xqghu frpprq nqrzohgjh ri dfwlrqv/ zklfk lv vxe0
vwdqwldoo| zhdnhu wkdq wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru qrqvshfxodwlrq lq
htxloleulxp1
; Frpprq Nqrzohgjh dqg Vshfxodwlrq
Fruroodu| 814 Frqvlghu wkh vshfxodwlyh vlwxdwlrq ri Wkhruhp 61 Gurs wkh dvvxps0
wlrq wkdw djhqwv nqrz zkdw wkh| nqrz dqg duh qhvwhg1 Vxssrvh rqo| wkdw S lv qrq0
ghoxghg dqg srvlwlyho| edodqfhg/ iru hdfk l @ 4> ===> L1 Exw vxssrvh dovr wkdw dw vrph
$ 5 / lw lv frpprq nqrzohgjh dw $ zkdw pryhv doo wkh sod|huv duh pdnlqj1 Wkhq
dw dq htxloleulxp +i> ===> iU,/ i+$, @ } iru hdfk l @ 4> ===> L1
Surri Iurp wkh frpprq nqrzohgjh k|srwkhvlv/ iru hdfk l/ wkhuh lv d E 5 D vxfk
wkdw hdfk sod|hu lv fkrrvlqj i+$, @ E iru doo $ 5 H/ zkhuh H lv d sxeolf hyhqw1 Lw















} li $ 9 5H
E li $ 5 H
zrxog eh dw ohdvw x1 Vlqfh e| k|srwkhvlv wkdw fdq eh dfklhyhg rqo| li hdfk sod|hu
fkrrvhv } uhjdugohvv ri $ zh kdyh E @ } iru hdfk l @ 4> ===> L1 
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Fruroodu| 815 Ohw H @ +Q>Uun>> +S> x> > h,, eh dq hfrqrp| +qrw qhfhvvdulo|
zlwk vwulfwo| frqyh{ suhihuhqfhv,/ dqg ohw +s> L> {, eh d udwlrqdo h{shfwdwlrqv htxlole0
ulxp1 Vxssrvh wkdw hdfk S lv qrqghoxghg/ dqg srvlwlyho| edodqfhg1 Li dw vrph $/
iru doo l/ {  h lv frpprq nqrzohgjh/ wkhq wkhuh lv d sxeolf hyhqw I vxfk wkdw wkh
htxloleulxp zrxog uhpdlq wkh vdph li zh vhw S+$, @ I iru doo l @ 4> ===> L/ dqg doo
$ 5 I 1 Ixuwkhupruh/ li lq dgglwlrq wkh hqgrzphqwv zhuh d Sduhwr rswlpdo doorfd0
wlrq/ dqg qr rwkhu doorfdwlrq jdyh doo djhqwv suhflvho| wkh vdph xwlolw| +dv lq Fruroodu|
614,/ wkhq zh frxog frqfoxgh wkdw {+$, @ h+$,/ iru doo l @ 4> ===> L1
< Frpprq Nqrzohgjh dqg Frqvhqvxv
D jdph ri sduwlfxodu lqwhuhvw lv wkh rslqlrq jdph JW1 Ohw  eh d qlwh vhw ri uhdo
qxpehuv1 Ohw D eh wkh vhw ri uhdov iru hdfk l @ 4> ===> L1 Ohw +$, @ +$, A 3 iru
doo l dqg $1 Ilqdoo|/ ohw x++t> ===> t ,> $, @ +t  $,21 Ohw S eh wkh srvvlelolw|
fruuhvsrqghqfh1 Lq wklv jdph JW/ hdfk sod|hu rswlpl}hv e| jlylqj klv frqglwlrqdo
h{shfwdwlrq ri wkh udqgrp yduldeoh $/ edvhg rq klv lqirupdwlrq S+$,1
Wkhruhp 9 Vxssrvh wkdw lq wkh jhqhudol}hg rslqlrq jdph JW/ +i> ===> iU, lv dq
htxloleulxp1 Vxssrvh wkdw lw lv frpprq nqrzohgjh zkdw wkh pryhv ri wkh sod|huv duh
dw $1 Ilqdoo|/ vxssrvh wkdw hdfk S lv qrqghoxghg dqg edodqfhg1 Wkhq doo wkh sod|huv
duh wdnlqj wkh vdph dfwlrq dw $1 Frqyhuvho|/ li S lv qrw edodqfhg iru vrph l/ wkhq
wkhuh h{lvwv d suredelolw|  dqg uhqxpehulqj ri $ 5 / dqg sduwlwlrqv iru m 9@ l/ vxfk
wkdw wkh sod|huv fdq djuhh wr glvdjuhh lq wkh htxloleulxp ri JW1





ca. +F," 1 Iurp wkh frpprq nqrzohgjh k|srwkhvlv/ zh pd| fkrrvh
H vr wkdw iru doo F 5 S / F  H/ ^4@+F,`
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+$,> vr n lv wkh vdph iru doo l=
Wkh frqyhuvh iroorzv iurp Idundv* Ohppd dv lq wkh surri ri Wkhruhp 7/ h{fhsw vlqfh
doo wkh lqhtxdolwlhv duh htxdolwlhv khuh/ wkh +F, fdq kdyh hlwkhu vljq1 
Dxpdqq +4<:9, jdyh wkh uvw idprxv yhuvlrq ri wklv wkhruhp/ iru sduwlwlrqv1
Vdphw +4<;:, vkrzhg wkdw dv orqj dv hdfk S vdwlvhv qrqghoxghg dqg nqrzlqj zkdw
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|rx nqrz/ wkhq li wkh djhqwv* rslqlrqv duh frpprq nqrzohgjh/ wkh| pxvw eh wkh
vdph1 E| iroorzlqj wkh orjlf ri Wkhruhp 8/ zh frxog kdyh vkrzq wkdw djuhhphqw
pxvw krog li wkh S duh qrqghoxghg dqg srvlwlyho| edodqfhg/ d frqglwlrq lqghshqghqw
ri NW\N1 Iru li wkh rslqlrqv duh frpprq nqrzohgjh/ wkhq e| Wkhruhp 8 wkh| frxog
kdyh ehhq jlyhq zlwk lghqwlfdo lqirupdwlrq dfurvv djhqwv1 Exw lq wkdw fdvh wkh| duh
vxuho| wkh vdph1 Wkhruhp 9 hpsor|v d k|srwkhvlv wkdw lv zhdnhu wkdq qhvwhg dqg
zhdnhu wkdq NW\N/ dqg |lhogv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru qhyhu djuhhlqj
wr glvdjuhh1 Qrwh wkdw wkh surri ri Wkhruhp 9 glhuv iurp wkdw ri Wkhruhp 7 dqg
Wkhruhp 81
PfNhoyh|Sdjh +4<;9, suryhg wkh uhpdundeoh wkhruhp wkdw li wkh dyhudjh +ru
vxp, ri glhuhqw djhqwv* rslqlrqv lv frpprq nqrzohgjh dqg li hdfk djhqw ehjdq
zlwk wkh vdph sulru/ doo wkh rslqlrqv pxvw eh wkh vdph1 Khuh zh h{whqg wklv uhvxow wr
srvvlelolw| fruuhvsrqghqfhv vdwlvi|lqj rqo| qrqghoxghg/ qhvwhg/ dqg nqrzlqj wkdw |rx
nqrz1 Wkh surri fdq dovr eh uhjdughg dv dq dowhuqdwlyh ghulydwlrq ri PfNhoyh|0Sdjh*v
dyhudjh rslqlrq wkhruhp17
Wkhruhp : Vxssrvh wkdw lq wkh jhqhudol}hg rslqlrq jdph JW/ +i> ===> iU, lv dq
htxloleulxp1 Vxssrvh wkdw wkh vxp
SU
' i ri wkh rslqlrqv lv frpprq nqrzohgjh dw
$1 Wkhq i+$, @    @ iU+$,1
Surri Vlqfh
SU
' i+$, lv frpprq nqrzohgjh dw $/ wkhuh h{lvwv H 5 H vdwlvi|lqj





' i+$,+$, @ 31 Wr suryh wkh wkhruhp lw vx!fhv wr
vkrz wkdw
S
/Ml+$  {,i+$,+$, A 3 xqohvv i lv d frqvwdqw rq doo ri H/ iru hdfk
l @ 4> ===> L1
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+{ i+$,,2+$, A 3
xqohvv i+$, @ { iru doo $ 5 H1 
7PfNhoyh|Sdjh +4<;9, h{whqgv iru wkh fdvh ri sduwlwlrqv wr vlwxdwlrqv lq zklfk rqo| wkh dyhudjh
ri prqrwrqlf wudqvirupdwlrqv lv frpprq nqrzohgjh1 Wklv zloo krog xqghu wkh k|srwkhvlv wkdw hdfk
Elc  lv qrqghoxghg dqg edodqfhg/ surylghg wkdw djhqwv dovr dozd|v nqrz wkhlu rzq rslqlrqv1
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43 Jhqhudol}hg Jdphv lq H{whqvlyh Irup
Ohw xv qrz dsso| rxu wkhru| wr jdphv lq h{whqvlyh irup1 Lq wklv wkhru| sod|huv dfw
ryhu wlph/ dqg lq sduwlfxodu wkh vdph sod|hu pd| pryh pdq| wlphv1 Wkh lqfrqvlvwhqf|
wkdw rffxuv zkhq lqirupdwlrq lv qrw jlyhq e| sduwlwlrqv dqg wrwdo uhfdoo fdq qrz uhyhdo
lwvhoi lq wlph lqfrqvlvwhqf| ri ehkdylru1
Frqvlghu d wuhh/ frqvlvwlqj ri d qlwh vhw ri qrghv $ 5  zlwk d sduwldo rughu1 D
wuhh kdv d uvw hohphqw/ fdoohg wkh urrw> pd{lpdo ru whuplqdo qrghv duh dvvrfldwhg
zlwk sd|rv iru hdfk ri wkh L sod|huv1 Wr hyhu| qrgh zh dvvrfldwh hlwkhu qdwxuh
ru rqh sod|hu zkr kdv wkh pryh1 Ohw &$ eh wkh qxpehu ri lpphgldwh vxffhvvru
qrghv ri $/ dqg ohw sod|hu l eh rq wkh pryh dw $1 Wkhq wkh frqyh{ ihdvleoh pryh
vhw iru l dw $ lv D+$,  Vr/3/ zkhuh Vr/3 lv wkh vlpsoh{ ri glphqvlrq &$  41
+Qrwh= lpsolflwo| zh kdyh qxpehuhg wkh lpphgldwh vxffhvvru qrghv 4> ===>&$1, Iru
frqyhqlhqfh zh vhw D+$, htxdo wr d vlqjoh srlqw li m 9@ l lv qrw rq wkh pryh dw $1 Li
qdwxuh lv rq wkh pryh dw $/ wkhq wkhuh lv dovr jlyhq dq hohphqw lq Vr/3/ zklfk iru
vlpsolflw| zh wdnh dv remhfwlyho| jlyhq1
Wr hyhu| qrgh $ zh dvvrfldwh d srvvlelolw| vhw S+$, iru hdfk sod|hu l/ lq vxfk d
zd| wkdw li $ 5 S+$,/ wkhq D+$,  Vr/31 Ixuwkhupruh/ li $ 5 S+$,/ wkhq $
lv qrw frpsdudeoh zlwk $ lq wkh wuhh rughulqj +wkdw lv/ lw lv rq d glhuhqw eudqfk ri
wkh wuhh,1 Zh vkdoo pdlqwdlq $ 5 S+$,/ dowkrxjk wklv lv qrw dfwxdoo| qhfhvvdu|1 Qrwh
wkdw wkhvh dvvxpswlrqv gr qrw lpso| shuihfw uhfdoo1 Wklv frpsohwhv rxu ghvfulswlrq
ri d jhqhudol}hg jdph J lq h{whqvlyh irup1
D vwudwhj| iru d sod|hu l lv dq dvvrfldwlrq zlwk hdfk $ 5  ri dq hohphqw i+$, 5
D+$, lq vxfk d zd| wkdw li +S+$,> D+$,, @ +S+$,> D+$,,/ wkhq i+$, @ i+$,1
Jlyhq vwudwhjlhv iru hdfk ri wkh sod|huv/ rqh fdq fdofxodwh fruuhfwo| wkh h{shfwhg
sd|rv wr hdfk sod|hu/ dqg wkhq ghqh Qdvk htxloleulxp/ ru shuihfw Qdvk htxloleulxp/
dv lq frqyhqwlrqdo jdph wkhru|1 Zh vkdoo ghvfuleh d glhuhqw/ jhqhudol}hg qrwlrq ri
htxloleulxp1
Jlyhq wkh vwudwhjlhv +i> ===> i , @ i ri wkh Q sod|huv/ zh fdq dozd|v fdofxodwh
wkh suredelolw| +$> i, @ +$> i, wkdw wkh qrgh $ zloo eh uhdfkhg1 Qrwh wkdw lw lv
srvvleoh wkdw +$> i, @ 3/ dqg dovr lq jhqhudo
S
/Ml +$> i, A 41 Qrwh krzhyhu wkdw
+$> i, ghshqgv rqo| rq i+$, iru $ wkdw suhfhgh $1 Lq sduwlfxodu/ li $ 5 S+$,/
wkhq +$> i, grhv qrw ghshqg rq i+$,1
Wr hdfk $ 5  dqg l @ 4> ===> L ohw xv dovr dvvrfldwh wkh sd|r x+d> d3> $> i,/
zklfk lv wkh frqglwlrqdo sd|r wr sod|hu l jlyhq wkdw $ kdv ehhq uhdfkhg/ fdofxodwhg
xvlqj wkh vwudwhjlhv lq i / h{fhsw wkdw i+$, lv uhsodfhg e| d/ iru m @ 4> ===>Q 1 Wklv lv
fdofxodwhg lq wkh frqyhqwlrqdo pdqqhu/ dqg lv reylrxvo| zhoo0ghqhg1 Qrwh wkdw li l
lv rq wkh pryh dw $ dqg m 9@ l wkhq d grhv qrw dhfw x&+d>$> i, iru dq| n @ 4> ===>Q 1
Qrwh ixuwkhupruh wkdw x+d> d3> $> i,/ lv frqwlqxrxv lq +d> d3> i,/ dqg frqfdyh/ lq
idfw olqhdu/ lq d1
Zh ghqh dq htxloleulxp/ iru wkh jhqhudol}hg jdph J dv d wxsoh ri vwudwhjlhv









Wkhruhp ; Hyhu| jhqhudol}hg jdph lq h{whqvlyh irup kdv dq htxloleulxp1
Khuh lv qrw wkh sodfh wr jr lqwr ghwdlov/ exw rqh fdq dovr ghqh ydulrxv uhqhphqwv
ri htxloleulxp iru jhqhudol}hg jdphv1 D shuihfw htxloleulxp iru d jhqhudol}hg jdph lq
h{whqvlyh irup fdq eh ghqhg dqdorjrxvo| wr d shuihfw htxloleulxp iru d frqyhqwlrqdo
jdph lq h{whqvlyh irup/ vlqfh lq wkh odwwhu fdvh rqh pxvw dsshdu dovr wr wkh djhqw
qrupdo irup1
Rqh frxog jlyh pdq| h{dpsohv ri jhqhudol}hg jdphv lq h{whqvlyh irup/ exw ohw
xv frqfhqwudwh rq wkh vwru| ri Rg|vvhxv dqg wkh Vluhqv/ dqg wkh sureohp ri wlph
frqvlvwhqf|1
Uhfdoo wkdw rqh gd| Rg|vvhxv zdv wrog e| Flufh wkdw klv erdw zdv vdlolqj qhdu
wkh lvodqg krph ri wkh idprxv Vluhqv/ zkrvh ehdxwlixo vlqjlqj oxuhg pdq| vdloruv wr
fudvk djdlqvw wkh whuuleoh urfnv wkdw vwxgghg wkh vkruh1 Dqwlflsdwlqj wkdw rqfh wkh|
khdug wkh pxvlf/ kh dqg klv phq zrxog qrw eh deoh wr uhvlvw wkh vhgxfwlyh whpswdwlrq
wr vdlo qhduhu wr wkh vkruh wr ehwwhu khdu wkh vrqjv/ kh rughuhg klv phq wr vdlo fohdu
ri wkh vkruh/ dqg kh sxw zd{ lq wkhlu hduv wr pdnh vxuh wkdw wkh| frxog khdu qhlwkhu
wkh Vluhqv qru klpvhoi1 Kh dovr kdg klpvhoi wlhg wr wkh pdvw/ vr wkdw kh frxog khdu
wkh Vluhqv exw frxog gr qrwklqj wr fkdqjh wkh frxuvh ri wkh erdw1 Zkhq wkh erdw
qdoo| fdph zlwklq hduvkrw ri wkh Vluhqv/ Rg|vvhxv vwuxjjohg ylrohqwo| wr iuhh klpvhoi
iurp klv erqgv dqg wr h{kruw klv phq wrzdug vkruh1 Iruwxqdwho| iru klp/ erwk wkh
zd{ dqg wkh erqgv khog up/ dqg klv erdw vdlohg vdiho| sdvw1
Rg|vvhxv* ghflvlrq sureohp lv rqh ri wkh ehvw nqrzq lq klvwru|/ suhflvho| ehfdxvh
Rg|vvhxv lv vr idprxv iru klv fxqqlqj/ zklfk lqghhg wklv vwru| vhhpv wr frqup/
dqg |hw klv ehkdylru ehiruh dqg diwhu khdulqj wkh Vluhqv lv dssduhqwo| lqfrqvlvwhqw1
D fhoheudwhg h{sodqdwlrq/ jlyhq e| Vwurw}/ vxjjhvwv wkdw Rg|vvhxv zdv d pdq zkr
juhdwo| glvfrxqwhg wkh ixwxuh/ exw glg qrw glvfrxqw wkh glvwdqw ixwxuh pxfk pruh wkdq
wkh qhdu ixwxuh1 Dffruglqj wr wklv wkhru|/ zkhq Rg|vvhxv uvw uhdol}hg zkhuh kh zdv/
kh zhljkhg wkh qhdu ixwxuh ri vdlolqj qhdu vkruh wr ehwwhu khdu wkh vluhqv djdlqvw wkh
glvwdqw ixwxuh ri fudvklqj rq wkh urfnv/ dqg ghflghg wr dyrlg wkh edujdlq1 Exw zkhq
wkh qhdu ixwxuh ehfdph wkh suhvhqw/ vr wkdw wkh wudgh0r zdv ehwzhhq khdulqj ehwwhu
qrz dqg fudvklqj odwhu/ kh zdqwhg wkh edujdlq1
Dowkrxjk wklv lpsdwlhqfh h{sodqdwlrq lv txlwh vwulnlqj/ lw lv qrw fohdu wkdw lw lv
idlwkixo wr wkh vwru|/ qru wkdw lw lv wkh prvw lqwhuhvwlqj h{sodqdwlrq1 Lq wkh uvw sodfh/
rqh ri wkh vdolhqw fkdudfwhulvwlfv ri Rg|vvhxv* shuvrqdolw| lv wkdw/ xqolnh prvw ri wkh
rwkhu Juhhnv/ kh zdv dozd|v sodqqlqj iru wkh ixwxuh1 Wkhvh sodqv dqg suhsdudwlrqv
riwhq lqyroyhg lqlwldo vdfulfhv iru ixwxuh uhzdugv1 +Phwlfxorxvo| duudqjlqj wkh zd{
iru klv phq lv d shuihfw h{dpsoh1, Lw grhv qrw vhhp fuhgleoh wkdw zlo| Rg|vvhxv
zrxog wudgh klv olih iru d vrqj mxvw ehfdxvh wkh vrqj fdph uvw1 +Lqghhg li dq|wklqj
kh zdv zloolqj wr jlyh xs klv olih wr wkh Wurmdq h{shglwlrq lq rughu wr eh sduw ri
wkh lppruwdo vrqj ri wkh srhw/ ehfdxvh wkdw vrqj lv odvw/ dqg hyhuodvwlqj1, Wkhuh
lv d ixuwkhu whfkqlfdo sureohp zlwk Vwurw}*v h{sodqdwlrq/ qdpho| wkdw lw vxjjhvwv
glvfrqwlqxrxv suhihuhqfhv1 Xqwlo wkh prphqw Rg|vvhxv khduv wkh vrqj/ kh nhhsv klv
zlwv dqg wulhv wr dyrlg wkh urfnv1 Lw lv rqo| dw wkh lqvwdqw wkdw kh khduv wkh pxvlf wkdw
kh irujhwv klpvhoi1 Wklv ehkdylrudo fkdqjh fdqqrw eh dffrxqwhg iru e| frqwlqxrxv
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wlph suhihuhqfhv/ wkdw ljqruh wkh lqirupdwlrq frqwhqw ri wkh vrqj1
Wkh wkhru| ri h{whqvlyh irup jdphv sursrvhg khuh lv ghvljqhg wr prgho ehkdy0
lru wkdw lv sxusrvhixo dqg fxqqlqj/ exw edvhg rq lqirupdwlrq surfhvvlqj wkdw lv qrw
shuihfw1 P| lqwhusuhwdwlrq lv wkdw zkhq Rg|vvhxv khduv wkh Vluhqv dqg irujhwv klp0
vhoi/ kh olwhudoo| irujhwv zkdw kh nqhz ehiruh/ qdpho| wkdw wkh Vluhqv duh gdqjhurxv1
Klv ehkdylru diwhu kh khduv wkh Vluhqv lv qrw ohvv sxusrvhixo ru ohvv vnlooixo wkdq eh0
iruh1 Wkh glhuhqfh lv wkdw lw lv frqvwudlqhg dqg lw lv edvhg rq glhuhqw lqirupdwlrq1
W|slfdoo| vxfk d ehdxwlixo vrqj ghvhuyhv d ehwwhu khdulqj/ dqg kdylqj irujrwwhq wkh
zduqlqj ri Flufh/ Rg|vvhxv vwuxjjohv wr odqg klv erdw forvhu wr vkruh1 Wkh vxewohvw
sduw ri wklv lqirupdwlrq h{sodqdwlrq ri Rg|vvhxv/ dqg rqh wkdw uhtxluhv doo ri wkh
dssdudwxv ri wkh prgho/ lv wkdw Rg|vvhxv uhfrjql}hv ixoo zhoo wkdw kh lv hqvqduhg lq
wkh urshv dqg fdqqrw jhw wkh dwwhqwlrq ri klv phq1 Exw kh qhyhu dvnv klpvhoi krz kh
jrw lq wkdw vlwxdwlrq1 Li kh glg kh pljkw kdyh lqihuuhg klv suhglfdphqw1 Wkxv wkh lq0
irupdwlrq h{sodqdwlrq/ zklfk L eholhyh h{suhvvhv wkh sdudgr{ ri wkh lqfrqvlvwhqw exw
fxqqlqj sodqqhu lq d zd| zklfk lpsdwlhqfh fdqqrw/ uhvwv rq wkh wzr lghdv zklfk duh
wkh edvlv ri rxu h{whqvlrq ri jdph wkhru|1 Nqrzohgjh lv qrw qhfhvvdulo| ghvfuledeoh
e| sduwlwlrqv/ dqg hyhq wkh prvw fohyhu phq gr qrw qhfhvvdulo| pdnh lqihuhqfhv iurp
wkh frqvwudlqwv wkh| idfh1
Wkh Rg|vvhxv jdph fdq eh irupdoo| prghohg lq rxu iudphzrun/ dv wkh iroorzlqj
gldjudp pdnhv fohdu1 Qdwxuh pryhv uvw dqg fkrrvhv wr eorz Rg|vvhxv* erdw qhdu
wkh lvodqg ri wkh Vluhqv/ ru qhdu vrph rwkhu kdupohvv lvodqg +rq zklfk wkhuh lv dovr
vlqjlqj/ exw shukdsv ohvv jrrg,1 Rg|vvhxv wkhq kdv wkh fkrlfh ri elqglqj klpvhoi dqg
sxwwlqj zd{ lq wkh hduv ri klv phq/ ru hovh ohdylqj wkhp doo iuhh1 Ilqdoo| kh khduv
wkh pxvlf/ dqg pxvw ghflgh zkhwkhu wr jlyh wkh rughu wr vwd| fohdu ri wkh vkruh/ ru
wr pryh wrzdug wkh vkruh1 Qrwh wkdw li kh kdv sxw zd{ lq klv phqv* hduv/ wkhq kh lv
frqvwudlqhg qrw wr jlyh wkh rughu wr khdg forvhu wr vkruh/ dowkrxjk wkh sd|r li kh
zhuh deoh lv vwloo ghqhg1
Wkh qryhow| derxw wklv jdph lv wkh lqirupdwlrq Rg|vvhxv kdv1 Rg|vvhxv khduv
yhu| zhoo wkh dgylfh ri Flufh/ dqg vr nqrzv zkhwkhu wkh erdw zloo eh vdlolqj sdvw wkh
lvodqg ri wkh Vluhqv ru d kdupohvv lvodqg1 Li kh khduv vrqjv iurp wkh kdupohvv lvodqg/
kh uhphpehuv zhoo zkhwkhu kh sxw zd{ lq wkh hduv ri klv phq1 D ehvw vwudwhj| iurp
wkdw srlqw lv wr vdlo forvh wr vkruh1 Exw li Rg|vvhxv lv qhdu wkh Vluhqv* lvodqg/ dqg
khduv wkhlu vlqjlqj/ wkhq kh irujhwv frpsohwho| Flufh*v dgylfh1 Pruhryhu/ dowkrxjk kh
uhfrjql}hv zkhwkhu kh lv erxqg ru qrw/ kh grhv qrw lqihu dq|wklqj iurp wklv1
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Wkhuh lv d xqltxh htxloleulxp wr wklv jhqhudol}hg jdph lq h{whqvlyh irup1 Rg|vvhxv
dssolhv wkh zd{ li Flufh dgylvhv klp wkdw kh zloo sdvv wkh Vluhqv/ dqg rwkhuzlvh/ kh
grhv qrw1 Diwhu khdulqj hlwkhu vrqj/ kh dozd|v wulhv wr khdg iru vkruh/ exw zkhq kh
lv frqvwudlqhg iurp jlylqj vxfk dq rughu kh grhv wkh rqo| wklqj kh fdq/ dqg shuplwv
wkh erdw wr vwd| fohdu1 Wkh uhdvrq wklv odvw pryh ri Rg|vvhxv lv rswlpdo lv ehfdxvh
Rg|vvhxv frpsxwhv wkdw <<1<( ri wkh wlph kh lv fdoohg xsrq wr pdnh d ghflvlrq
derxw zkhwkhu wr ehwwhu khdu d ehdxwlixo vrqj/ lw lv zruwk grlqj1 Nqrzlqj wkdw kh
zloo ghflgh wklv zd| odwhu/ Rg|vvhxv hduolhu rq kdv qr fkrlfh exw wr sxw wkh zd{ lq
klv phqv* hduv dqg wlh klpvhoi wr wkh pdvw/ hyhq wkrxjk kh zrxog eh pxfk ehwwhu r
vdlolqj fohdu ri wkh lvodqg xqihwwhuhg1
Wkh wlph lqfrqvlvwhqf| ri Rg|vvhxv* ehkdylru lv pluuruhg lq d krvw ri vlplodu
h{dpsohv xvxdoo| kdylqj wr gr zlwk whpswdwlrq1 W|slfdoo| wkh rswlpdo uhvsrqvh wr d
sohdvdqw vhqvdwlrq lv wr lqfuhdvh lw1 Olih*v h{shulhqfhv vwurqjo| hqfrxudjh vxfk sulruv1
Wkhuh duh vrph sohdvdqw h{shulhqfhv/ olnh vrph guxjv ru fljduhwwh vprnlqj wkdw vrph
shrsoh uhfrjql}h wr eh kdupixo iru wkhp1 Krzhyhu/ zkhq xqghu wkhlu lq xhqfh/ ru
vrphwlphv mxvw lq wkhlu suhvhqfh/ wkh| irujhw wkh sduwlfxodu/ dqg uhdvrq rqo| iurp
wkh jhqhudo sulqflsoh wkdw sohdvxuh lv ghvludeoh1 Rqh rffdvlrqdoo| phhwv prghuq gd|
Rg|vvhxvhv zkr gholehudwho| ohdyh wkhlu prqh| krph vr wkh| zloo qrw eh whpswhg e|
dq|wklqj idwwhqlqj/ ru zkr mrlq foxev olnh dofrkrolfv dqrq|prxv vr wkdw wkhlu gulqnlqj
zloo eh sxqlvkhg e| vkdph dv zhoo dv kdqjryhuv1
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